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LOI CAM DOAN

To6i xin cam doan day la cong trinh nghién cttu cua toéi dudi sy hudng
dan ctia GS.TSKH Nguyén Minh Chuong va TS Ha Duy Hung. Cac két qua
duge phat bieu trong luan an 1a trung thuc va chua ting dude ai cong bd
trong bat ct luan van, luan an nado khac.

Nghién citu sinh

Nguyén Thi Hong



LOI CAM ON

Luan an dudc hoan thanh duéi sy huéng dan nghiém khic, tan tinh, chu
dao cua GS. TSKH Nguyén Minh Chuong va TS Ha Duy Hung . Téc gia xin
bay t6 long kinh trong va biét on sau sic GS.TSKH Nguyén Minh Chuong
va TS Ha Duy Hung, nhitng ngudi da dan dat tac gid lam quen vé6i nghién
cttu khoa hoc tit nhitng ngay sau khi tét nghiép thac si. Ngoai nhitng chi
dan vé mat khoa hoc, su dong vién va long tin tudng ctia cac thay danh cho

tac gia luon la dong luc I6n giup tac gia say mé trong nghién ciu.

TAc gia xin tran trong gui 161 cAm on dén Ban Giam hiéu, Phong Sau
dai hoc, Ban Chu nhiém khoa Toan-Tin, truong Dai hoc Su pham Ha Noi,
dic biet 1a cac thay, co gido trong Bo mon Giai tich, khoa Toan-Tin, trudng
Dai hoc Su pham Ha noi da luon giap do, dong vién, tao moi truong hoc

tap nghién citu thuan lgi cho tac gia.

Tac gid xin dudc bay t6 long biét on dén Ban Giam hiéu truong Dai hoc
Thu do Ha noi, cac thay, co va cac anh chi dong nghiép cong tac tai Bo mon
Toan, khoa Khoa hoc Ty nhién, trucsng Dai hoc Thu do Ha noi da ludn tao
diéu kien thuan loi, giup d6 va dong vién tac gid trong sudét qua trinh hoc
tap va nghién ctu.

Loi cam on sau cung, tac gia xin danh cho gia dinh, nhing nguci luon
yeu thuong, chia sé, dong vien tac gia vuot qua khé khan dé hoan thanh

luan an.

Tac gia
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MOT SO Ki HIEU THUONG DUNG TRONG LUAN AN
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chuan ctia mot phan ti  trong R?

chuan p-adic ctia s6 p-adic z

truong cac so p-adic

khong gian véc to d chiéu trén truong cac sd p-adic
hinh cau déng tam a, tam 0 ban kinh p?

mit cau tam a, tam 0 ban kinh p?

do do Haar

tap cac ham kha tich bac r trén R?

tap cac ham kha tich dia phuong bac r trén R¢

tap cac ham kha tich bac r tréen R? tng véi do do du =
wdx

tap cac sO6 nguyen trén trudng Q,

tap cac s6 nguyen khac khong trén truong Q,

khong gian cac ham c6 dao dong trung binh bi chéin trén
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khong gian cac ham c6 dao dong trung binh bi chan trén
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ham dac trung ctia nhém cong tinh ctia truong sé thuc
hay truong s6 p-adic

khong gian Herz thuan nhat c6 trong trén R?

khong gian Morrey-Herz thuan nhat c6 trong trén R¢
khong gian Lipschitz trén R¢

toan t1t trung binh Hardy c6 trong

toan tit Hardy-Cesaro c6 trong

Toan tit da tuyén tinh Hardy-Cesaro cé trong

Toan tu p-adic Hardy-Cesaro ¢6 trong

Toan ti da tuyén tinh p-adic Hardy-Cesaro c6 trong
Giao hoan tu cua toan tit Hardy-Cesaro c6 trong

Giao hoan ti ctia toan tit da tuyén tinh p-adic Hardy-
Cesaro c¢6 trong

Giao hoan ti clia toan tit da tuyén tinh Hardy-Cesaro c6
trong.



MG DAU

1. TONG QUAN VE VAN DE NGHIEN CUU VA Li DO CHON DE TAI

Mot trong nhitng van dé cot 161 ctia gidi tich dieu hoa la nghién ctu tinh bi
chan clia cac toan ti 1" trén mot s6 khong gian ham va mot s6 khong gian
ham suy rong

T flly < CIf]lx, (1)
véi C' 1a hing s6 ndo do, X, Y 1a hai khong gian ham hoiac ham suy rong
v6i chuan tuong tng 1a || - || x; || - ||y Day 1a cau héi xuat hien mot cach tu
nhién trong cic nghién citu vé giai tich, 1y thuyét ham, phuong trinh dao
ham rieng. Chang han, ta xét thé vi Riesz J, cho bdi cong thic

rh = [ Yy (2)

a |z —yld-e

Voil<p<2vag= df—ip thi J, 1a toan ti bi chan tit khong gian LF(R?)
vao khong gian L¢(R?). Mot 4p dung truc tiép clia két qua nay 1a dinh 1y
nhiing Sobolev-Gagliardo-Nirenberg, khong gian W'?(R?) dugc nhiing lién
tuc vao trong khong gian LI(RY) véi 1 < p < g < p*, trong d6 1% = 21) — é.

Mot trong nhiing doéi tuong nghién cttu chinh cia luan an nay 14 danh
gia (1) cho mot 16p toan tu tich phan va giao hoan ti cta chung. Lép
toan ti nay chita dung ho#dc c6 moi lien hé mat thiét véi nhiéu toan ti
co dién quan trong nhu toan ti Hardy, toan ti cuc dai Calderén, toan tit
Riemann-Lioville trén duong thang, trudng hop mét phia ciia toan tit thé
vi Riesz J, nhu trong cong thic (2), bién doi Abel. Cac uéc lugng dang
(1) cho 16p toan ti T nhu thé thuong dude goi 1a bat dang thitc Hardy, va
dugc biét dén nhu 13 mot cong cu hitu ich trong nghién ciu 1y thuyét veé
cac toan ti elliptic. Ve lich s, bat dang thic tich phan Hardy va dang roi
rac clia n6 ra doi khodng nam 1920, lien quan dén tinh lién tuc ctia toan
ti trung binh Hardy gitta cac khong gian LP. Mot trong nhiing dong luc
chinh dan téi cac két qua dé duge xuat phat tit bat dang thitc Hilbert (xem
[16, 43]). Nha toan hoc Hilbert, khi nghién cttu nghiém ctia mot s6 phuong
trinh tich phan, dan téi bai toan nghién cttu tinh hoi tu ctia chudi kép dang
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© %0 @, b
Z . Trong bai bado nam 1915 ctia minh Hardy da chi ra sy hoi
I m+n
tu ctia chudi
n=1m=11M + "N

ooanAn X o0 An2
Z T 2(7),

n=1

“ tuong duong véi su hoi tu ctia hai chudi

trong d6 A, = a; + -+ + a,. Do d6, ta thu duogc dang tich phan cta két
qué nay chinh 14 néu mot ham f thuoc LP(R"), v6i 1 < p < oo, thi H f
cing thuoc LP(R"), trong do
1 xr
=— [ f(t)dt. (3)
X Jo

Nam 1920 G. Hardy [33] da dua ra bat dang thiic tich phan sau day

JCLromf sy [ron o

vii 1 < p < oo, f la ham do duge khong am trén (0, 00), va hang s "
I3 s6 nhé nhat thod man bat dang thitc (4).

Toan tit Hardy 14 mot truong hop riéng cla 16p toan ti Hausdorff, xuat
hién trong cac bai toan nghién citu tinh kha tong cho chudi s6, chudi luy thira
véi cac cong trinh mang tinh nén moéng ciia Siskakis va ciia Liflyand-Moricz
45]. Trén truong thuc, toan tit Hausdorff ¢6 dang sau

Haa(£)(a) = [ ©()f(eAw)du 5)

Rd

v6i ® 1a ham do duge tren R? va A = A(u) = (a;;(u)) 1a ma tran cap d X d’
trong d6 a;;(u) 1a ham do duge theo bién u. Dac biet, khi ®(u) = xjo.1(u),
A(u) = u thi He 4 trd thanh toan tit Hardy co dien nhu da dé cap & tren.

Mot cau hoi tu nhién dat ra, véi cac khong gian X, Y nao va véi cac dicu
kién nao cia ®, ma tran A thi (1) ding v6i T' = He 4. Hon nita, khi dé
thi hang s6 t6t nhat C trong (1) 1a bao nhieu? Cau hoi thi nhat tu lau da
thu hat su quan tam ctia nhiéu nha toan hoc trén thé gidi va cé thé chi ra
mot s6 két qua gan day cia K. Andersen, E. Liflyand, F. Moricz, D.S. Fan
3, 8, 45, 46]. Tuy nhién cac dieu kién can vé tinh bi chan duge dua ra chua
hén 1a diéu kién du va cau héi vé hing s6 t6t nhat trong mdi truong hop dé
déu khong dé tra 1oi. V6i cau hoi thit hai vé viec xac dinh hing s6 tot nhat
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trong cac uéc lugng dang (1) cho cac 16p toan tit trung binh ¢6 hai huéng:
Thit nhat 1a cho 16p toan tit trung binh trén hinh cau c6 dang

W@ =g [ fwd. ser {0l @©

ly[<|z]

Grafakos va Lacey chitng minh dugc rang chuan LP ctia H bang Ll Mot
p R

s6 cong trinh nghién cttu tiép theo lién quan nhu [7, 8, 9, 19, 21, 22, 25, 26,

27, 49, 60].

Thit hai, déi véi 16p toan tit trung binh doc theo cung tham sé cho béi
dang

U@ = [ s, 7

Day 1a 16p toan tit c6 nhiéu tng dung cao trong 1y thuyét toan ti, phuong
trinh vi phan dao ham riéng, béi né chita nhiéu toan tit co dién nhu toan
tt Abel, Rieman-Liouville, toan tit Hardy, toan ti cuc dai Calderén. Nam
2001, J. Xiao [58] cong bo mot két qua mang tinh dot pha: U, bi chdn trén
LO(R?) khi va chi khi [, t7 ¢)(¢)dt hitu han. Hon nita,

1
U oty gty = / (). (s)
0

Tuong tu, Uy bi chan trong BM O khi va chi khi fol Y (t)dt hitu han va khi
do

1
Uyl Baro@ay—Brome :/o Y(t)dt. (9)

Nam 2009, dya trén phuong phap nghién cttu cho cac giao hoan tu cua
Calderén- Coifmann-Weiss, cac tac gia Fu, Liu va Lu [23] chtiing minh rang
[M,, Uy] bi chan trong LY(R?) v6i moi b € BMO(R?) khi va chi khi

1
2
/ t= ) (t) log —dt < oo,
0

O day M, 1a toan tit nhan M,(f) = bf. Két qua nay cho thiy ring giao
hoan ti ctia Uy la "ki di hon" so véi Uy,.

Hai két quéa nén tang noéi trén 1a dong luc cho nhiéu nghién citu sau nay
cho 16p toan tit Uy trong d6 c6 thé ké ra mot s6 cong trinh nhu [11, 12, 23,
24, 29, 34, 52, 62]|. Day cting 1a huéng nghién ctu chinh ma téc gia lya chon



trong luan an nay: nghién ctu cac uéc lugng chuan cho toan ti da tuyén
tinh c6 dang sau

U (f) (z) = /[0,11” <£[1 fi (sk(t)x)> W (t)de. (10)

Chu v rang, dong luc cho nghién cttu cac toan tit da tuyén tinh xuét hién
mot cach tu nhién tit cac nghién ctu vé toan ti tich phan ki di, chang han
toan tit Riesz J,. Kenig va Stein [37] chi ra dugc tinh lién tuc clia toan ti
da tuyén tinh Riesz tuong ting khi 1 < py, ps < 00 va % = pil + piz — % chi
v6i han ché 0 < B < d va r < oo. Mat khac, trong mot truong hop dac
biét thi Ugf 2 ¢6 mdi lien hé mat thiét véi dang mot phia cia J,, todn ti
Riemann-Liouville. Vi vay nhing két qua ve U,';" sé kéo theo cac két qué
tuong ing cho toan tit Riemann-Liouville. Diéu nay ciing da dudc chi ra
trong cac cong trinh [29, 35].

Truong hop m = n = 1, Chuong va Hung [11] tim ra dugc diéu kién
can va du (v6i diéu kién thich hgp trén s(t)) ctia ¢ dé ddm bao tinh bi
chan cua U b1

,S

va cac giao hoan tit cua né trong LP va BMO véi trong
thuan nhat. Chuan ciia toan ti tuong tng ciing dugc tim ra. Mot didu
kign can ctia trong dé giao hoan tit [M,, Uy | bi chin trong L ciing dugc
dwa ra. Trong truong hgp khong gian Herz, nam 2016, Chuong, Hung va
Duong [12] dua ra mot dieu kién can cho tinh bi chin cla giao hoan ti
khi b thuoc khong gian Lipschitz. Hung va Ky [35] dua ra cac tiéu chuan
de U, bi chan ti LP(R?) x -+ x L (R?) vao L(R?) va bi chan tix
BPrAL(RY) x - -« x BPmAn (RT) vao BP* (R?) . Hon nita chuan clia toan ti
trong tung truong hop ciing dugce chi ra.

Tuy nhién cac tiéu chuan ve tinh bi chan, chuan ctia Uy cling giao hoan
t cia no trén cac khong gian loai Herz chua duge nghién cttu truée do. Cac
khong gian loai Herz bén canh la nhitng mé rong tu nhién ctua cac khong
gian Lebesgue, con c¢6 vai trd quan trong trong phat trien 1y thuyét ham.
Chang han, cac ham phan tit Taibleson-Weiss, déng vai tro quan trong
trong 1y thuyét cac khong gian Hardy, thuoc khong gian loai Herz (xem
[5, 30]). Viéc thiét 1ap cac tinh chét bi chan va ude lugng chuan trén khong
gian loai Herz doi hoi phai thay doi phuong phap tiép can so véi cac két
qua da biét trén cac khong gian Lebesgue hay tam Morrey.

Cac phan tich tong quan trén day dan ching toi dén viéc nghién cttu cau
héi vé tinh bi chiin va chuan ciia toan tit trong (10) tit tich cac khong gian



loai Herz va Morrey-Herz vé6i trong luy thita. Nhitng két qua nghién ctu
dat dugc, dugc ching toi cong bo trong bai bao s6 3., trong danh muc cong
trinh lién quan dén luan an, va duge trinh bay trong chuong 4 ciia Luan an
nay.

Mot huéng nghién cttu khac ma ching to6i Iua chon trong luan an nay
d6 1a nghién citu chuan cla cac toan ti trung binh p-adic. Tt nhitng nam
1960 ctia thé ki trude, do nhu cau phat trién cia giai tich Fourier, ngusi
ta thay can xay dung mot s6 két qua ctia gidi tich cho nhitng khong gian
t6-po dudce trang bi do do Borel ma & dé ta khong cé bién déi Fourier hoac
cac cau tric dao ham héd trg. Vily do d6 va su can thiét phai phat trien 1y
thuyét khong gian ham, Coifman, Rochberg va Weiss [14] dua ra 16p khong
gian loai thuan nhat, trong dé cho phép ta c6 thée thiét lap duge 1y thuyét
Calderén-Zygmund cho toan t tich phan ki di. T day ta c6 thé xay dung
nhiing khong gian ham quan trong nhu khong gian Hardy, tranh dugc viéc
phai di tim kiém mot hé phuong trinh dao ham riéng md rong cho phuong
trinh Cauchy-Riemann. Mat khac, trong nhiitng nhém compact dia phuong,
dugc chia ra hai loai: loai lien thong gom c6 truong thuc va phtc. Loai con
lai gom truong cac so6 p-adic, cdc md rong bac hitu han ctia trudng so p-adic
va truong chudi s6 Laurent trén truong httu han. Luu ¥ rang loai thd hai
ciing 14 nhiing khong gian thuan nhat theo nghia ctia Coifmann-Rochberg-
Weiss. Nhu cau phat trién song song mot 1y thuyét vé giai tich, khong chi
xuat phat tit nhu cau ciia su phéat trien khoa hoc cong nghé, tit su so sanh
gitta 1y thuyét trén hai loai truong thuc vd p-adic, ma con xuat phat tu
chinh nhtng 1y thuyét trén trudng thuc va sau do 1a tng dung ngudc lai
39, 53, 54].

Toan tit gia vi phan p-adic D® do Vladimirov [54] dua ra c6 vai tro quan
trong trong nhieu ting dung khac nhau ctia gii tich p-adic, 1y thuyét song
nho, phuong trinh gia vi phan p-adic: chang han c6 thé xay dung mot co
sG triyc chuan cta L*(Q,) gdm cic vector rieng ctia D®. Nghich do cta
toan D, trong tinh huéng thich hgp, c¢6 thé coi nhu 1a hiéu ciia hai toan
tit Hardy p-adic c6 trong, sai khac mot ham trong luy thira. Diéu nay cho
thay ¥ nghia ctia viéc nghién cttu cac tinh chat ciia toan tit Hardy.

Gia st f la ham do duge tren Q. Khi do, tich phan SP(f)(xz) =

[ f(tz)dt c6 thé coi 1a gia tri trung binh ctia f doc theo cung tham sb
Ly
t — tx v6i modi x € QZ, do |Z;| = 1. Néu xét ¢ la ham khong am, do dugc
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trén 7 thi toan tit U}, xac dinh bdi
Ui = [ s (1)

c6 theé xem nhu dang tuong tir toan t1t trung binh Hardy c6 trong (7) trén
truong thie. Nam 2006, Rim va Lee [51] chitng minh rang Uy bi chan trén
L1(QY), v6i 1 < q < 00, khi va chi khi

_ / o (t)dt < 0o

Zp

va hon nita chuan toan tit U trong LY(Q¢%) dung bang A!. T day suy ra
ngay, khi d = 1, SP khong bi chan trong L'(Q,) va diéu nay ciing tuong tu
ddi véi toan t Hardy co dién trén truong thuc. Rim va Lee ciing dong thoi

chi ra U, bi chan tren BMO(Q¢) khi va chi khi i[ Y(t)dt < oo va chuan
p
toan tit ding bang [ ¢ (t)dt. Nam 2014, H.D. Hung [34] phat trién két qua
Zy
ctia Rim v& Lee cho 16p toan tit p-adic Hardy-Cesaro U? s trong cac khong
gian v6i trong luy thua, trong do

i,sf(x) = - f (s(t)x)(t)dt. (12)

Bén canh céc két qué vé tinh bi chin, chuan cta Uy, trén khong gian p-adic
Lebesgue va BMO c6 trong, tac gia chi ra dudec mot hé quéa vé su hoi tu
cua chudi kép trén trusng thirc thong qua danh gia

1/r

. i,
Z (Z X j+ Bk yk) < Z T (Z yk> (13)

j€Z \k= JEZ

vOi (2)jez v (Yr)r>o 12 hai day s6 khong am, [ 1a s6 nguyén khong am
ty ¥ va véi bat k¥ 1 < r < oo. Mot sé két qua cac cho tinh bi chin va
chuan trén khong gian Morrey clia Uf; duge ching minh bsi Wu va Fu [56].
Chuong va Duong [13] dua ra céc diéu kieén can va du cho tinh bi chan clia
U, , trong khong gian Morrey-Herz p-adic ciing nhu dua ra mot dieu kien
can cho trong ¢ va ham tham s6 s(t) de [U,,, M) bi chin gitta cic khong
gian Morrey-Herz. Song song véi d6 mot so6 cong trinh nhu [28, 55, 57]
nghién citu chuan cta toan ti p—adic c6 dang

Wi W | s (1)

B(0 |113|p
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Mic du ¢6 kha nhiéu két qua khac nhau vé toan tit trung binh Hardy p-adic,
tuy nhién véi truong hop da tuyén tinh p-adic chua cé cong trinh nao dit
van dé nghién cttu vé chuan ciia cic toan tit va giao hoan tit trén cac khong
gian ham p-adic tam Morrey, khong gian loai Herz. Bén canh do6 cac cong
trinh nhw [28, 55, 56] méi chi ditng lai cho toan tit Uy, va truong hop khong
c6 trong. Didu nay dan téi han ché trong ap dung, chang han trong tinh
chinh quy vé nghiém ciia bai toan Cauchy trong phuong trinh giad vi phan
p-adic.

Vi cac Iy do do, ching toi dat bai toan phat trién cac két qua ctia Wu
va Fu [56] cho 16p toan tu Ui’s v6i cac khong gian tuong tng co trong luy
thita. Dya trén cong trinh ctia Fu va cong su [29], Hung, Ky [35], Chuong
va Duong [13] ching toi xay dung 16p toan tit da tuyén tinh p-adic gén véi
toan ti U? - Chung t01 nghién citu céc tinh chat bi chan, cac uéc luong
chuan cho toan t da tuyén tinh trong trusng so p-adic.

2. MUC PiCH, POI TUGNG VA PHAM VI NGHIEN CUU
2.1. Muc dich nghién cttu

Nghién citu tinh bi chin, chuan toan tit mot sd 16p toan ti tich phan loai
Hardy va giao hoan tu trén truong thic va p-adic. Chiing t6i nghién citu
cac uéc luong chuan clia toan t da tuyén tinh Hardy-Cesaro trén tich
cac khong gian Herz va khong gian Morrey-Herz; dua ra mot diéu kien du
cho tinh bi chan cta giao hoan ti trong tich cac khong gian Morrey-Herz.
Ching t6i nghién cttu chuan toan tit Hardy-Cesaro p-adic trong khong gian
Morrey, tam Morrey, khong gian tam BMO. Chang toi dua ra diéu kién
can va du cho tinh bi chin ciia giao hoan tit trong khong gian Morrey tam
v6i bieu trung thuodc 16p ham tam BMO. Cac két qui vé toan ti dudc
chiing to6i phat trien cho toan tit da tuyén tinh Hardy-Cesaro p-adic. Chiing
toi ciing nghién ctiu cac diéu kién can va du cho tinh bi chan ctia giao hoan
ti clia toan ti song tuyén tinh Hardy-Cesaro p-adic trén tich cac khong
gian tam Morrey.

2.2. P6i tuong nghién ciiu

Déi tuong nghién ctu ctia Luan an 1& 16p toan tit tich phan loai Hardy
va giao hoan tit ctia chung trén truong thuc va p-adic. Lop toan ti nay

12



chita nhiéu 16p toan ti co dien nhu toan t Hardy, toan tit Cesaro, toan tit
Riemann-Liouville: Toan tit da tuyén tinh Hardy-Cesaro U}, giao hoan tit
ctia Uy ;" theo nghia ctia Coifmann-Weiss trén tich cic khong gian Morrey-
Herz v6i trong luy thita. Toan ti p-adic U7, s trén khong gian Morrey, tam
Morrey va khong gian BMO tam. Chting t6i phat trién nghién citu nay cho

p7m7n

todn tit da tuyén tinh p-adic Uj%
2.3. Pham vi nghién ctitu

Pham vi nghién cttu ciia luan an duge thé hién théng qua cac noi dung sau

e No6i dung 1: Uéc luong chuan cia toan tit p-adic Hardy-Cesaro c6
trong va giao hoan ti trén cac khong gian p-adic kieu Morrey c6 trong.
— Chuan ctia toan ti p-adic Hardy-Cesaro c6 trong trén khong gian
p-adic Morrey c6 trong.
— Chting minh giao hoan tu Up’f; bi chan tu Bgm (Qz) VA0 Bff’)‘ (Qg)
véi b € CBMO® (QY) .
e No6i dung 2: Udc lugng chuan ciia toan tit da tuyén tinh p-adic Hardy-
Cesaro c6 trong trén cac khong gian ham p-adic:
— Uéc lugng chuan ctia toan ti p-adic Hardy-Cesaro da tuyén tinh
trén tich cac khong gian Lebesgue c6 trong.
— Uéc lugng chuan ciia toan tit p-adic Hardy-Cesaro da tuyén tinh
trén tich cac khong gian tam Morrey c6 trong.

— Tinh bi chan cta giao hoan tit cua toan ti p-adic Hardy-Cesaro da
tuyén tinh trén tich ciia cac khong gian tam Morrey.

e No6i dung 3: Udc luong chuan ctia toan tit da tuyén tinh Hardy-Cesaro
va giao hoan tit trén tich cac khong gian Herz thuan nhat c6 trong,
Morrey-Herz c6 trong thuan nhat.

— Uéec lugng chuan ciia toan ti da tuyén tinh Hardy-Cesaro trén tich
cac khong gian Herz thuan nhat cé trong.

— Uéc lugng chuan clia toan ti da tuyén tinh Hardy-Cesaro trén tich
cac khong gian Morrey-Herz thuan nhat cé trong.

— Tinh bi chan clia giao hoan tit clia toan ti da tuyén tinh Hardy-
Cesaro trén tich cac khong gian Morrey-Herz thuan nhat c6 trong.

13



3. PHUONG PHAP NGHIEN CUU

e D¢ nghién cttu tinh bi chan cla toan t& Hardy-Cesaro trén trusng thuec
va p-adic ching t6i van dung cic phuong phap bién thiyc duge Coifman-
Rochberg-Weiss [14] xay dung trén cac khong gian thuan nhat. Ching
téi van dung cac cach danh gia da ducc st dung truée do dé ching
minh tinh lién tuc ctia toan tit Hardy trén cac khong gian Morrey, tam
Morrey, cac khong gian loai Herz. Cac dai luong duge danh gia bang
cach chia nhé, nhu trong phuong phap bién thuc, két hop véi cac bat
dang thiic tich phan Holder va Minkowski. Chiéu dao lai, dé thu dugc
cac u6c lugng chuan toan ti, chiing toi theo Iuge do6 ma Xiao [58] da
stt dung va dudc phat trien trong cac cong trinh tiép theo: xay dung
nhitng ham thi trong cac khong gian ham tuong tng dé duwa ra cac uéc
luong dué6i cho chuan clia toan tit. Trén trusng p-adic ching toi xay
dung phuong phap tuong tng két hop véi cau trac to-po, do do tich
phan dac trung cho khong gian Qg.

e Do6i véi cac nghién ctu vé giao hoan ti, phuong phap chu dao 1a dua
trén phuong phap kinh dién ctia Coifman-Rochberg-Weiss [14] trong d6
mau chét 1a dua ve udc luong dao dong clia cac trung binh, két hop véi
mot s6 ki thuat dic trung khi tiép can toan tit Hardy ducc xay dung
bdi Fu, Lu, Tang va cac cong sy khac [19, 22, 23, 25, 29, 52, 61] trén
cac khong gian Lebesgue, tam Morrey, khong gian loai Herz.

4. CAU TRUC VA CAC KET QUA CUA LUAN AN

Ngoai phan mé dau, két luan, danh muc cong trinh da cong bd va tai licu
tham khao, luan 4n dugc chia lam bon chuong:

e Chuong 1: Kién thic chuan bi. Trong chuong nay, ching toi nhic lai
cac kién thic co ban vé giai tich p-adic, Ii thuyét gii tich thuc, cac bat
dang thitc Holder, bat dang thitc Minkowski. Cac khong gian ham kiéu
Morrey, Lebueges, BMO, khong gian tam BMO c6 trong, khong gian
kiéu Herz, khong gian Morrey-Herz va cac phién ban p-adic ctia né.

e Chuong 2: Toan tu p-adic Hardy-Cesaro va giao hoan ti trén cdc
khong gian kieu Morrey .
Trong chuong nay, chung t6i danh gia tinh bi chan cia toan tit p-adic

Hardy-Cesaro c6 trong trén cac khong gian Morrey c6 trong, khong
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gian tam Morrey c6 trong, khong gian tam BMO c6 trong. Hon nita
chiing t6i ciing tim dudc chuan clia toan tit tuong ting. Theém vao doé
ching t6i tim ra dugc diéu kién can va di ctia ham trong ¢ (t) dé giao
hoan ti cua toan tu p-adic Hardy-Cesaro c6 trong bi chan trén cac
khong gian tam Morrey véi bieu trung trong khong gian tam BMO.

e Chuong 3: Todn ti da tuyén tinh p-adic Hardy-Cesaro va giao hodn
t trén mot s6 khong gian ham p-adic. Trong chuong nay, ching toi
nghién cttu tinh bi chin ciia toan ti da tuyén tinh p-adic Hardy-Cesaro
c6 trong trén tich cac khong gian Lebesgue va tich cac khong gian kicu
Morrey, dong thdi chuan ciia toan ti ciing dude tim ra. Hon nita ching
téi tim duge dieu kién can va di clia ham trong dé giao hoan ti cia
toan tit da tuyén tinh p-adic Hardy-Cesaro c6 trong bi chan trén tich
cac khong gian tam Morrey vé6i biéu trung trong tich cac khong gian
tam BMO.

e Chuong 4: Todn t¢ da tuyén tinh Hardy-Cesaro va giao hodn tid trén
tich cac khong gian loar Herz. Trong chuong nay, ching to6i danh gia
tinh bi chan clia toan tit da tuyén tinh Hardy-Cesaro c6 trong trén tich
cic khong gian Morrey-Herz va tich cac khong gian Herz. Dong thoi
ching toi danh gia tinh bi chiin cia giao hoan ti clia toan tu da tuyén
tinh Hardy-Cesaro c6 trong trén tich cidc khong gian Morrey-Herz thuan
nhat co trong véi bieu trung trong khong gian cidc ham Lipschitz.

5. Y NGHIA CUA CAC KET QUA TRONG LUAN AN

e Cac két qua thu dugc gép phan vao viéc phat trien 1y thuyét toan ti
Hardy, giai tich diéu hoa, phuong trinh dao ham riéng, cac bat dang
thitc Hardy ndéi riéng va giai tich Fourier, giai tich p-adic noéi chung.

e Cac két qua thu dugc 1a mé rong va tong quat héa clia mot sé két qua
lién quan trude do.
Cac két qua ctia luan an da dudc bao cao tai
e Seminar "phuong trinh vi phan va tich phan" B6 mon Giai tich, Khoa
Toan - Tin, Truong Dai hoc Su pham Ha Noi.
e Hoi thao cho Nghién cttu sinh, Khoa Toan - Tin, Trudong Dai hoc Su

pham Ha Noi, 2017.
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e Seminar "Toan ti gid vi phan, séng nhd, gidi tich diéu hoa trén cac
truong thuyce, p-adic", Vién Toan hoc, Vién Han lam Khoa hoc va Cong
nghé Viét Nam

e Dai hoi Toan hoc Toan quoc lan thit IX, Nha Trang, 08/2018.
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Chuong 1

KIEN THUC CHUAN BI

1.1. Truong cac s6 p-adic

Ly thuyét vé truong cac sé p-adic, giai tich diéu hoa trén truong cac so
p-adic ciing nhu tng dung c6 thé tim dude trong mot sé gidgo trinh chuyén
khao nhu [1, 38, 53, 54]. O day ching toi chi tém luge mot s6 két qua chinh
can thiét trong luan an nay.

1.1.1. Chuan p-adic

Mot ham ¢ : Q — R dudgc goi la mot chuan cta trusng Q néu né théa méan
ba dieu kién sau:

i) o(x) > 0,¢(x) =0khixz=0.

i) p(zy) = o(x)e(y), 2,y € Q.

i) p(z +y) < o(z) + oY), 2,y € Q.

Trong luan an nay ta luon ki hiéu p 1a s6 nguyén t6, véi mdi x € Q ta
dat |z|, = 0 néu 2 = 0 hodc |z|, = p7™ néuz = p™@.2 §d6 v(x), m, n
Ia cac 86 nguyén, m, n khong chia hét cho p. Khi do, | - |, 1A mot chuan trén

Q. Hon nita, diem khéc biet 1a chuan | - |, khong nhiing théa méan ba tinh
chat (i), (ii), (iii) ma no6 con théa man tinh chat manh hon (iii) sau:

iv) |z + y|, < max{|z|,, |y|,}, dau bang xay ra khi |z|, # |y|,.

Dinh 1i 1.1. (Dinh lyj Ostrowski) Cdc chuan |x|s va x|, vdi p la s6 nguyén
to vét hét tat ca cdac chuan khong tuong duong trén truong so hau ti Q, ¢
day |z|e = |z| la chuan tri tuyét doi thong thuong trén Q.

1.1.2. S6 p-adic

Ta xét ham d,(x,y) = |v —y|, véi z,y € Q. Dé thay d, 1a mot metric trén
Q. Bao day cua Q theo d, duge ki hiéu 1a Q,. V6i mdi x € Q,, x # 0 déu
bieu dién dugc duy nhat dudi dang
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x=p" o+ z1p + 20p* + -+ ), (L.1)
trong d6 y(x) 1a s6 nguyén, x; € {0,1,...,p— 1} v6i moi ¢ € N va xy > 0.
Trén Q,, ta xac dinh dugc hai phép toan cong va nhan nhu sau: véi
x,y € Q, ma
T = pV(w)(ﬂﬁo -+ 1P + 332]?2 + - ),
y ="y +yp+yap’ +--),
ta dat
z+y=p""(cy+eap+ep+--),
v6i 0 < ¢; < p—1,¢0 > 0. O day v(z + y), o, ¢; 13 cac s6 nguyen duge
xac dinh bang phuong phap hé s6 bat dinh theo modulo p. Phép nhan hai
s0 p-adic cling duge xac dinh tuong tu. Khi d6 Q, ciing hai phép toan cong
va nhan trén lap thanh mot truong, dude goi 1a truong cac sd p-adic.
Ta ki hiéu Z, la tap cac s6 € Q, sao cho |z[, < 1va Z) = {xv € Z, :
|z, # 0}.
Bo6 dé 1.1. [54, tr. 3-9 ] (a) Q, la mot trudng vdi cic phép todn tréen.
(b) Moi x € Q,,x # 0, dugc bieu dién dudi dang (1.1) thi |x|, = p~7.
(¢) Q, la khong gian di ing vdi metric d,. Hon thé, Q, la mot truong to
po compact dia phuong, hoan toan khong lién thong.

1.1.3. Khong gian Qg

V6i méi d nguyéen duong, ta dinh nghia Q¢ 1a khong gian vecto d chiéu
trén truong Q,, Qg = Q, X -+ X Q, gom céac diem x = (xy,...,x4) VO

Ve

d
Z1,...,2q € Q,. V6i méiajé@g dat

2], = maxi|zilp, .- |[zalp -
Dé thay rang | - |, théa méan cac tinh chat sau:
(a) |z[, > 0 v6i moi € Q% dau bing x4y ra khi va chf khi 2 = 0.
(b) |a- x|, = |al, - |x|, v6i v6i moi a € Q, va z € QL
(©) 12+ yly < max{fal,, lyl,} voi 2,y € @
(d) d, 1a metric trén Qf, trong d6 d,(z,y) = |z — yl,.

18



Ki hiéu

By(a) ={z € Qy: |z —al, <p"},

Sy(a) ={z € Q) : |z —al,=p"},
va lan luot dude goi 1a hinh cau va mit cau tam a, ban kinh p?. Ta viét
B,, S, thay cho B,(0),5,(0),Z¢ thay cho B,.

Dinh 1i 1.2. /54, tr. 6-8] Hé cdc hinh cav va mdt cau trong Qg thoa man

cac tinh chat sau

(a) By(a) =Uy__ Sv(a), Nyez By(a) = {a} va U, ez B,(a) = Q,. Dac
biet B, (a) C B,(a) néuy < 7'

(b) Néu b € B,(a) thi B,(b) = B,(a). Hai hinh cau bat ky hodac roi nhau

hodc chia nhau.

¢) Moi tap md trong Q% c6 thé bieu dién nhu la hop cia khong qud dém
P

duoc cac hinh cau doi mot roi nhau.
(d) Tap K C QZ la compact trong QZ khi va chi khi K dong va bi chan.

(e) B,(a),S,(a) la cic tap vita dong vita md va compact trong QL.
1.2. Do do va tich phan trong @g

Vi @g 14 mot nhém to po compact dia phuong nén ton tai mot do do Haar
dx tren Qf. dr 1a mot do do Borel chinh quy duong, bat bién véi phép tinh
tién. Do do dx dudc chuan héa béi

dr = 1.
Zg

Khi d6, dxz dugc xac dinh duy nhat.

Gia st A la tap mé khac rong trong Qf. Ky hieu L"(A) (v6i 0 < r < 00)
la tap tat ca cac ham do dugc gia tri phic f xac dinh trén A sao cho

If]

Lr(4) = (L\f(x)\rdx)% véi f € L'(A). (1.2)

Trudng hop 7 = oo thi (1.2) duge thay thé bang

1 f[[zoeay = ess.supeal f(2)] < oo
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7 (O) 1a tap cac ham
f : O — C théa man tinh chat: V6i moi tap compact K C O thi ham
f € L"|K]. Ham f ¢6 tinh chat nhu trén duge goi 1a kha tich dia phuong
bac r(r > 1). Dé cho tien, ta viét Lj,, = L, (Qf) 1a tap cac ham f € C(O)

c6 supp (f) C K tru mat trong khong gian L"(O), & d6 K 1a tap compact
chia trong O.

Gia st O 1a mot tap méd cua Qg. Ta ky hiéu L]

Ham f € Lj,, dugc goi 1a kha tich tren Qf néu ton tai
lim r)dr = lim
N—+o0 By f( ) N—+o0 Z
—00<y<N

Gi6i han tren, néu ton tai, duge goi la tich phan ctia f tren Q¢ va ky hieu
a [ f(x)dx. Do do,
d

= ) (1.3)

—oo<y<oo
Dinh 1i 1.3. /54, tr.49/
Cho ham f : @g X @ZL — C va gid st ton tai tich phan lap

(L,

p p

Khi do, ham f khd tich tren Q)" va

/ /\fxy\dy dr = / f:vyd:cdy—/ /\f(:v,y)\d:v dy.

@g &' m+n Q' Qg

\f(:v;y)\dy) dx.

(1.4)
Ngugec lai, néu ham f € L'(Q)'*") thi cd hai tich phan lap trén deu ton tei
va dang thite (1.4) ding.
Dinh 1i 1.4. /54, tr.49] Gid stz = x(y) (tic la x; = x;(Y1, Yo, oors Ya), 1 =
1,2,...,d) la dnh za dong phoi tu tap md compact K, C Qg vao md compact
K € Q} va x;(y) la cic ham gidi tich trong Ky va

0x;

Ox(y) _
det Iy 'ayj # 0, y € Kj.
Khi dé, vdi moi f € L'(K), ta c6
0
/Kf(a:)da: = /K det Q;;y))f(x(y))dy (1.5)
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Vidu 1.1. /54, tr. 40] [ dx=pP va [ dx=pP(1— ).
B1(a) 51(a)

Chiing minh. Ta c6

Tu day,
/ dx :/ dx —/ dx
S(a) By (a) By_1(a)
= p™ (1 — i) :
pd
Vidu 1.2. 54, tr. 41] [In|z|dz = —]%.
By

Ching minh. T cong thic (1.3) ta co

In |z|dx = Z /1n|:c|d:v
Sy

By

—00<vy<0
= Z Inp” [ dx

—00<y<0 Sy

1
=lnp > w"(1--)
—o00<y<0
1 - dvy
=—(1—=|lnp)>
v=0

~ Inp
= i1
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1.3. Cac khong gian ham

Trong muc nay, ta ki hieu (X, M, ) 1a mot khong gian do, trong d6 X =
R? hoac X = Qg, 1 14 mot do do o-httu han trén o-dai s6 M trong X.

Vé6i s6 thuc o > —d, ki hieu W, 1a ho tat ci cdc ham w duong h.k.n.
trén R? sao cho 0 < [; w(y)do(y) < oo va thod man w(tr) = [t|*w(z)
v6i moi t € R\ {0}, z € R?, trong d6 Sy 1a mat cau don vi trong R?. C6
thé thiy w(z) = |z|* thuoc W,

Tuong tu, WP 1a ho tat ca cac ham w duong h.k.n trén Q]‘f kha tich dia
phuong va thod man w(tx) = [t|*w(z) véi moi t € Q, \ {0}, z € Q. Co
the thay w(x) = |z|% thuoe WP

T day tré di, cac ham trong ma ching t6i xem xét trong luan an luon
dugc hiéu thuoc W, khi xét X = R? va WP khixét X = @g, éday a > —d.

1.3.1. Khong gian Lebesgue

Cho 0 < r < o0, ta ky hieu L"(X) 1a tap hop tat ca cac ham f do duge
nhan gia tri phic trén X thoéa méan

T

Pl = | [ If@rdn ) < ox. (16

Ky hieu L>°(X) 1a tap hop tat ca cac ham gia tri phite, do duge tréen X
sao cho ton tai B > 0 dé

[flmeo = nf{B > 0: p(fa € X : [f(@)| > BY) =0}.  (17)

Khi d6 L"(X), voi 0 < r < oo, la mot khong gian vecto trén truong
phttc. Hai ham trong khong gian L"(X) dugc goi la bang nhau néu ching
bing nhau timg diém hau khap noi theo do do p. V6i 1 < r < o0, ta ¢
L"(X) 1a mot khong gian Banach v6i chuan || - |

LT‘(X).

Truong hop X = R? (hodic X = QY) va du(x) = w(x)dz, trong d6 w 1a
ham do duge khong am, kha tich dia phuong trén R? (hoac Q]‘f), thi ta ki
hieu L7, (R?) (hodc L7, (Q¢)) thay cho L"(X).

Hai ham thit sau day sé dude thuong xuyeén st dung trong phan sau ciia

luan an.
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Vidu 1.3. [58, tr.662 ] Viie > 0 tuy v, dat

f) = {O d néu x| <1 (1.8)

|

—

T péu |z| >
Khi dé, f. thuoc L"(R?) vdi moi 0 < r < oo.

Chiing minh. Ta c6

-l = [ 1fola)da
Rd
— / |£C|_d_r6d$
|x|>1
d
__onm
erl'(4 +1) '
Vay f. € L"(R?). O
Vi du 1.4. [34, tr.873 ] Vdi e > 0 tay 4, dat
0 néu |z|, < 1
fs(aj) = CE (1.9)

z], © ¢ néu x|, > 1.
Khi do, f. la ham thuoc khong gian Lebesgue L'(QY).

Dinh 1i 1.5. (Dinh Iy hoi tu b chin) Gid st { fr}32, la mot day cdac ham
trong Ll(X) hoi tu diém hau khdp noi theo do do w dén ham f trén X va
gid st ton tai mot ham g € L*(X) sao cho | fi(x)| < g(x), hau khap noi
tren X vdi moi k. Khi dé, f € L*'(X) vd}{f(x)d,u = kh_{?o){fk(m)d“

Dinh 1i 1.6. (Bat dang thic Holder) Cho O < p,p1,...,pp < 00 va f; €

LPi(X, ). Néu
1 1 1 1
=4 4+ =
P P1 D2 Pk

thi fo--- fi € L'(X, 1) va

Lo Sellee < AL fallees - L full oo

Dinh li 1.7. (Bat dang thic Minkowski). Gid st (X, M, u) va (Y, N,v)
la cdc khong gian do o-hiu han va f(x,y) la mot ham gid tri phic, p X v-
do dugc tren X XY sao cho vdi v-hau khap y € Y, f(-,y) € LX) vdi
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1< ¢ < oo. Khi do,

Q=
=

/1] e )] < [ [yl | avw).

X |y Y
vdi gid thiét vé trdi cia bat dang thic trén la hitu han.

Dinh 1i 1.8. (Dinh ly Fubini ). Gid sit (X, M, ) va (Y, N, v) la cic khong
gian do o- hitu han va f(x,y) la mot ham do dugc theo do do A = p X v.
Néu f(x,y) khong am hodc khd tich trén tip A X B € M xX N thi ta c6

[ swwar=[{ [ s do= [ [ 1] 00

AxB

1.3.2. Khong gian Herz

Trong khi nghién cttu vé dai s6 tich chap, Beurling [6] phéai xem xét mot s6
16p ham c6 tinh chat dac biet, nhing 16p ham d6 sau nay dugde biét dén nhu
nhitng khong gian loai Herz va la nhiitng md rong tu nhién ctua khéng gian
Lebesgue. Viéc md rong khong gian Lebesgue sang Herz, Morrey, Morrey-
Herz do nhu cau cta viéc nghién ctu toan 1y thuyét nhu nghién citu tinh
chinh quy ctia nghiém hay noi tai tit viéc phat trién 1y thuyét ham nhu 1y
thuyét khong gian Hardy (xem [5, 30]). Cac 16p khong gian nay rat phu
hop véi cac toan tit Hardy co dien. Vi vay viec diat van dé nghién ctu
tinh bi chan cta todn tit Uy ;" trén cac khong gian nay la dieu ty nhien.
Theo [50], ching t6i xét khong gian Morrey-Herz c¢6 trong nhu sau: Cho
Xk =X0,;Cr = B\ Bryva B, ={z e R*: |x| <2} véi k € Z va xp

la cac ham dac trung cua tap E.

Pinh nghia 1.1. Cho a € R,0 < p < 00,0 < ¢ < 0o. Khong gian kiéu
Herz thuan nhat c6 trong K*P(w) duge dinh nghia nhu sau:

pr(w) = {f € LL (RN {0},0) : [flligoey <0}, (L1D)

00 1/p
[ fl orwy = { Z 2kaprXkH§,w} : (1.12)

k=—o00

Nhan xét 1.1. i) Néu w = 1 thi khong gian qu"p(w) tré thanh khong gian
Herz K2P(R?) (xem [50]).
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ii) Néeu 0 < p < oo thi Kg’p(Rd) = LP(R%) nhu vay ta c6 thé coi khong
gian Herz la m6t md rong cia khong gian Lebesgue.

iii) Kp%’p(Rd) = LP(|z]|*dx)(R?) v6i moi 0 < p < 0o va @ € R,
Vidu 1.5. Co dinh 0 < e < 1. Ta zét ham [ cho bdi cong thic sau
0 néu |r| <1
{|51:|_0‘_T_6 néu |z| > 1.
Khi 6, f la ham thuoe Ko(w).

That vay, vi f(x) = 0 khi || < 1 nén ta c6 ||fxx||re = 0, véi k =
0,—1,—2,.... Do d6 v6i bat ky s6 nguyén duong k, ta tinh ducc

a—d+—7—s
Ity = [ Ll @)ds
2k—1<|g|<2k
_ 2—k(a+€)qw(sd)(2(a+€)q _ 1)
q(a+¢) ’
6 d6 wy(Sy) = fw1 Ydx. Vay
g )(2(a+5)q L 1) q
g = 9 klate) WS . 1.13
3l ( P 119

Twu do ta thu dugce

1l oy =2 (“’(S /(2777 ”)q (=) aw

q(a+¢)

Do d6 f € K% (w) va

alate) _

1 1 /4
Hf”Kc(zl’p(@ - (2p — 1)1/p ' ( glo+¢) > - (w(S54)) "

1.3.3. Khong gian Morrey-Herz

Dinh nghia 1.2. Choa e R, 0 <p <00, 0< g <00, A >0 vawlacac
ham trong khong am. Khong gian kieu Morrey-Herz thuan nhat c6 trong
MK (w) duge dinh nghia nhu sau

MESw) = {f € LL R\ {01,0) : [l yieney <00k (L15)

25



vl

ko 1/p
||f||MKg;}(w) = sup 2" { Z 2kap||ka||2,w} : (1.16)

Nhan xét 1.2. i) Néu w = 1 thi khong gian M K%*(w) trd thanh khong
gian MKg’q’\ (RY).

ii) Néu A = 0 thi khong gian MK )(R?) tré thanh khong gian K P(RY).
Vi vay, truong hop dac biét cua khong gian Morrey-Herz la khong gian Herz.

Vi du 1.6. Ham f cho bdi cong thic sau
fla) = a7 (1.17)

la mot ham thudc khong gian MK&;]/\(LU).

That vay, néu a # A, ta co

- _dim
HlekHL?}l = / ]33’( 1 q11+A1)q1w1(x)dx
b=l <] <2k
1
— Z_k(o‘l—h) wl(Sd)<2(O‘1_)‘1)Q1 _ 1) a1
Q1(a1 - )\1) :

Tu do ta thu dugce

Q=

o (@S2 1) Ly
HfHMKZ?‘,’;‘(w) =2 ( q(a . )\) > (2)\1, . 1) . (1'18>

Vay ham f(x) xac dinh béi cong thite (1.17) thuoc khong gian M['(gj;;‘(w)
va

22 1 —271A-)
||fHMKO">‘(w) — (oM — \/p _
P 2w =17\ q(A— )

1/q
) w(SNY. (1.19)

1.3.4. Khong gian BMO

Khong gian BMO lan dau tién dugc gi6i thieu béi F. John va L. Niren-
berg nam 1961 [36]. Tiép d6 C. L. Fefferman 1971 [18] da chting minh
ducc mot két qua quan trong 1a khong gian BMO 13 déi ngau clia khong
gian Hardy H'. Khong gian nhitng ham dao doéng trung binh bi chan c6
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trong BMO,(R") lan dau tién duge gi6i thieu béi B. Muckenhoupt va R.
Wheeden, xuat phéat tu viéc nghién cttu su ton tai bién doi Hilbert cta
ham vdi dao dong trung binh bi chan (xem [47]). Khong gian kiéu p-adic
BMO da dugc st dung trong khi nghién citu chuan ctia toan tit trung binh
Hardy-Littlewood p-adic [1, 41, 51, 55, 57].

Pinh nghia 1.3. Cho w(x) 1a mot ham trong, tic 1a ham do duge khong
am, kha tich dia phuong trén X. Khong gian BMO c¢6 trong BMO(w) 1a
tap hop tat ca cac ham f c6 dao dong trung binh bi chin v6i ham trong w,
tuc la

Il = sup—=z= [ 1) = fofo)lwta)de <oo, (1.20)

véi sup duge 14y qua tat ca cac hinh cau d chieu, w(B) = [, f(x)w(z)dx,
IBw = ﬁ fB f(r)w(x).

Bo6 dé 1.2 ([34], Bb dé 6.1). Néu w thuoc l6p ham trong WP = |J WP
thi log x|, € BMO,, (QY). o

1.3.5. Khong gian Morrey trén trudng p-adic

Khong gian Morrey duge dua ra bdi C.B. Morrey khi nghién cttu vé hé cac
phuong trinh dao ham riéng tuyén tinh cap 2, dudc tng dung trong nghién
cttu tinh chinh quy cta nghiém ctua cac phuong trinh dao ham riéng, dic
biet v6i he elliptic phi tuyén, sit dung dé nghién citu tinh bi chin clia mot
s6 toan ti co dien trong gidi tich diéu hoa nhu toan ti Hardy-Littlewood
cuc dai, toan tit tich phan ki di Calder6n-Zygmund (xem [42]).

Dinh nghia 1.4. Cho w 1a ham trong xac dinh trén Qd 1<g<oovaA
la cac s thuc thdéa man —= < A < 00. Khong gian p-adic Morrey c6 trong
LEMQF) 1a tap hop tat ca cc ham fe L ,.(Qf) sao cho HfHLZ),A(Qg) < 00

vOl

| 7
/115 (gg) = sup sup ( /. !f(:v)l‘-’w(w)dx> ()

V€L acQyf (B’y (&)>1+)\q

Nhan xét 1.3. i) LZ;’\(@Z) I4 khong gian Banach véi chuan || - ||L3,A(@g).

i) LE77 (@) = L (QY), Leo(Q) = ). va LENQY) = {0} vei

oo( d
o (Q
A > 0. Vi vay, ta chi xét truong hop —= < A < 0.

leH



Mot vi du hitu ich ciia cac ham thudc khong gian p-adic Morrey c6 trong
dugce giéi thieu trong bo dé sau.
Bo dé 1.3. Cho 1 §q<oo,—§ <A< 0wvaw € WP vdi a > —d. Néu
fo(z) = |33’;<9d+a)A thi fo € LZ;A(@;Z) va ||f0||Lg;>‘(Qg) > 0.

Ching minh. Cho a € Qg va y € Z, ta dat
1

Lo = i,

Ta chi can ching minh [, < C véi C' la mot hang s6 duong khong phu

thudc vao a,y. Ta xét hai truong hgp sau.

Truong hop 1: |al, = p” > p?. Véi z € B,(a) thi |z|, = max{|a|,, |z —
al,} = |al,. T d6 suy ra B, (a) C S,. Vay I, bang

1 d+a)Aq o _(d+a —Agq
w (B, (a))lﬂq /Bv(a) mz() () de = (|a|p( 'w (B, (@))
< (Jal,#w (5,))
=(w(8p)) ™
<.

Trudng hop 2: |al, < p?. Trong trudng hop nay, B, (a) = B,. Khi dé

I, = / | () da
)Y w (B,y (a))1+)\q B, | |p ( )

< 00,

4 day dai luong cudi ciing hitu han do 1 + Ag > 0 va dai luong d6 khong
phu thudc vao a,v. Vay I,, < C véi C' la hing s6 khong phu thuoc
(a,y) € Q! x Z. Do d6 fy thuoe LEM Q). O

1.3.6. Khong gian tam Morrey trén truong p-adic

Trong [4], J. Alvarez va cac cong su nghién citu moi quan hé gitta khong
gian tam BMO va khong gian Morrey dong thoi ho ciing gi6i thiéu khong
gian A-tam dao dong trung binh bi chin va khong gian tam Morrey.
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Dinh nghia 1.5. Cho A, ¢ 1a cic s6 thuc sao cho 1 < ¢ < co. Khong gian
p-adic tam Morrey B%* (Qg) 1a tap tat cd cac ham f xac dinh trén Qg ma
f € L, (Qf) sao cho ||f”Bg,/\(Qg) < 00 Vi

£z ey =2 Sy rf<x>r%<x>dxf o

YEZ

1
Q7_6

Nhan xét 1.4. i) L2 (QY) — B (Q4), BS 7 (@) = Ly (Q7) .

i) Néu A < —% thi B2* (QF) = {0}. Do do, ta chi xét khong gian nay

trong trudng hop A > —é.

iii) Néu 1 < ¢ < g2 < 0o thi B2 (QY) — B2 (Q?) véi A € R.

Trong luan an nay, ching t6i nghién citu tinh bi chin, wéc luong chuan
cua giao hoan tit ciia cac toan tit tich phan p-adic trong khéng gian p-adic
A— tam BMO. Lép khong gian nay da duge st dung trong cac nghién ciu
giao hoan tit clia toan tit Hardy p-adic trudc day (xem [56]).

Dinh nghia 1.6. Cho A\ < é va 1 < ¢ < oo 1 hai s6 thuc. Khong gian
p-adic A— tam BMO, c6 ki higu 1a C BMO%* (Qg) la tap tat ca cac ham
felL (Qg) sao cho

loc

1 J
llessior(eg) = 50 ( S [ ) = fultol@de)” < o,

YEZL
(1.23)
1
trong do6 f,, = iz )Bf | f(z)|w(z)dz. Ta ki hieu CBMOY (QF) :=
7/ By

CBMOI’ (Q7).
Nhan xét 1.5. i) B2* (Q?) — CBMO! (Q2).

i) Khi A < —1 thi CBMOZ" (Q)) = {0}, do d6 ta chi xét A > —1.

iii) Néu 1 < ¢ < ¢; < 00, thi ta c6 CBMO®2MNQf) — CBMOZ*(QY).
Bo dé 1.4. Gid st rdng w € WP > —d. Véi bat ki 1 < q < oo, ton tai

mot hing so duong C,, sao cho

HfH(JBMog,(Qg) < Cq,waHBMOw(Qg)‘ (1.24)

Do B (Q) — CBMO (QF) nen tir Bé dé 1.3 ta suy ra

B6 dé 1.5. Cho1 < ¢ < 00,0 <A< :vawe W?, vdi v > —d. Néu
fo(x) = \51:|2(9d+0‘)A th fy € CBMO™ (Qg).
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Chuong 2

TOAN TU P-ADIC HARDY-CESARO VA GIAO HOAN TU
TREN CAC KHONG GIAN KIEU MOREY

Trong chuong nay ching t6i nghién ctu chuan ctia toan tit p-adic Hardy-
Cesaro trén cac khong gian kiéu Morrey. Dau tién ching toi dit van deé
nghién cttu bai todn. Dé giai quyét bai toan, ching téi van dung ¥ tudng
ctia phuong phap bién thuc ddi véi cac toan tit tich phan Hardy, mot s6 két
qua co ban veé giai tich diéu hoa trén truong p-adic nhu trong [2, 10, 24, 27,
28, 41, 51, 57]: két hop danh gia thong qua cic bat dang thic Minkowski,
Holder va viec xay dung ham thit dé c6 bat dang thic ngudse. Cudi cling
dura theo phuong phap ctia Coifman-Rochberg-Weiss [14] ching t6i dua ra
duge mot diéu kién can va mot diéu kién di ctia ham trong ¢ (t) dé giao
hoan tit clia toan ti nay bi chan trén cac khong gian p-adic tam Morrey
véi bieu trung trong khong gian p-adic tam BMO c6 trong.

Noi dung cua chuong nay dya trén bai bao 1. trong danh muc cong trinh
da cong bo.

2.1. Dit van de

Do do do Haar trén trudng Q, duge chuan hoa béi [ dx = 1 nén mot céch
Zp

tu nhién toan ti S? cho bdi cong thic SP(f)(x) = [ f(tx)dt c6 the coi la
Zyp
dang p-adic clia toan ti tich phan co dién Hardy. Truong hop Z,, dugc thay
béi cac hinh cau, do cong thic ddi bién sé p-adic va do do Haar bat bién
du6i phép tinh tién, nén ta co thé dua vé SP. Lay ¥ tudng tit cong trinh ctia
Xiao [58], nam 2006, Rim va Lee dat van dé nghién cttu chuan ciia toan ti
U?. xem cong thiic (11), c¢6 thé coi 1a mot dang md rong ciia toan ti S? véi
trong. Rim v& Lee [51] dua ra duge diéu kién can va da cho ham ¢ dé Uf; bi
chan trén Lq(Qg) va tréen BMO. Nam 2014, cac két qua nay phat trién cho
toan tt Hardy-Cesaro bdi Hung [34], hon ntta [34] dua ra duge mot dicu
kién can cho tinh bi chin cta giao hoan ti U7, 2 Mat khac, nam 2010, Fu

va Lu [24] dua ra diéu kién can va di cho ham ) cho tinh bi chan ciia toan
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ti U, cung giao hoan tit trong khong gian Morrey. Chuan ctia toan tit U,
cing dugce chi ra. Nam 2012, Fu, Lu va Yuan [27], thu dugc cac két qua
tuong tu cho U, va giao hoan tit trén cac khong gian tam Morrey va tam
BMO. Sau d6 nam 2017, Wu va Fu [56] ching minh két qué trong [27] cho
truong cac so6 p-adic tuong tng cho toan tit Hardy p-adic dinh nghia nhu
sau

of (@) = / f(tx)y(z)dt.

Cac tac gia thu ducc chuan clia toan ti trén cac khong gian Morrey, khong

gian tam Morrey, khong gian tam BMO nhu sau: véi 1 < g < o0, —é <

A< O,Zf* [t[Mp(t)dt < oo thi HY, bi chan tren L9(Q?) va chuan clia toan
p

tu cting dugc tim ra

HHiHLq,A(Qg)ﬁLq,A(@g) :/‘t‘g)\@b(t)dt
Zp

15 sos gy = | 1)
Ly
Vil<g<oo,0< A< é thi toan tu /Hi bi chan trénCBMOq’)‘(Qg)
va chuan bang

dA
HHZ”CBMOq,A(Qg)aCBMoq,/\(@g) :/‘t‘p WY(t)dt.
Zy
Nam 2014, T.T. Dung [15] phat trien két qua ctia Fu va Lu [24] cho
toan tit Uy, trong khong gian Morrey. Tuy nhién chuan ctia todn tit p-adic
Hardy-Cesaro U’ s trong cac khong gian loai Morrey trén trudng p-adic

chuwa dugc nghién ctu trude dé, ké ca trong trusng hop khéng trong. 0 day
toan tu p-adic Hardy-Cesaro xac dinh bdi

L) = [ f s v,

Vi s 1 Z5 — Q,, v : Zy — Ry va f la ham do dugce tren QY. Bai toan
ma ching toi nghién ctu ¢ day nhu sau: véi diéu kién ndo cho céc ham
s(t),1(t) thi U} | 1a xac dinh va bi chan tren LH(QY), BEA QL) va khi d6
thi chuan ciia toan ti trén dudgc xac dinh nhu thé nao? Bén canh dé ching

toi ciing di gidi quyét bai toan vé dic trung ham trong v, ham tham s6 s
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cho tinh bi chén ctia giao hoan tu Ui:g trén khong gian tam Morrey p-adic.
Nhu da trinh bay 6 muc truée, trong phan Mdé dau, viéc nghién citu 16p
toan ti U s trén cac khong gian Morrey p-adic ¢6 nhiing ting dung trong
nghién citu cac bat dang thitc Hardy roi rac trén truong thuc. Phuong phap
nghién cttu ma ching toéi sit dung ¢ day da dudc sit dung trong cac nghién
cttu trude do6 (24, 34, 56, 58]: dé tim duge chuan ciia toan ti, bén canh két
hop véi cac phuong phap bién thuc trong giai tich diéu hoa, ching toi van
dung céc uéc luong truc tiép nho cac bat dang thic tich phan Minkowski,
Holder va viec xay dung ham thi dé thu duge danh gia 1a t6t nhat.

2.2. Chuan cta toan ti U’ s trén cac khong gian kiéu Morrey
Dé tién cho viéc trinh bay, ching t6i nhic lai mot s6 khéai niém va thuat
ngtt sé dung ¢ day.

Dinh nghia 2.1. Cho s : Z7 — Q, va ¢ : Z; — R, la cdc ham do dugc
va W : QZ — R, la ham kha tich dia phuong. Toan tit p-adic Hardy-Cesaro
véi trong U} , duge xéac dinh nhu sau

LA@) = | f (st vyt 2.1)

trong d6 f 1a ham do duge tren Qf. Ta ki hieu U} thay cho U}, khi s(t) = ¢.
Dinh nghia 2.2. V6i a > —d, ta ki hieu WP 1 tap gom tat ca cdc ham
khong am, kha tich dia phuong w trén Qf sao cho w(tx) = [t|ow(x) véi
moi v € Q) vat € Qyval < [q w(w)dr < oo.

Trong toan bo chuong nay néu khong de cap dén thi ham w € WP

Vi du 2.1. Vi moi a > —d tht wy thuoe WE, ¢ day wo(x) = |z|5.

Céac két qué chinh ctia muc ndy gom cac Dinh 1y 2.1, Dinh 1y 2.2.

Dinh 1i 2.1. Cho 1 < q < o0, —% < A <0 la cic so thue. Cho ¥ la mot
ham khong am, do dugc trén Z5. Khi d6 cac menh dé sau la tuong duong

p

(1) A:= [|s(t)|\T(t)dt hitu han.
Z;

(2) UY,, bi chan tréen LENQY).
(8) U, , bi chan tren B (QF).
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Hon nita khi do,

oz, ~ vz =4 (2)

LEMNQH—LEMNQY) BE*(Qf)—BE* (Qf

Chiing minh. Gia sit rang A hitu han va f € LE*(QY). Theo bat dang thic
Minkowski va phép doi bién (1.5), ta c6

! b f(@) | w(x)dx
(w By P )
1 q
- (w Tl R RCCRTOL w(x)dx>

1 q d+a)A
< /z <w( B (@)™ /S() 7(@)\ ()] w(y)dy> [s(t) [y () dt
< 1222 - / [5(8)[5" P (t)dt

< Q.

q

Vay néu A hitu han thi U} | 1a bi chan tren LENQY) va
HUpsHLq A Q) —LEN(QY) <A (2.3)

Mt khéac gia sit rang U, , 1a bi chan trén LZ{;A(QJ‘;). Lay fo(x) = ‘x’édM)A,
theo Bo de 1.3, fo € LENQ,) va || foll jarqey > 0. Mat khac UY, fo(z) =
fo(ﬂf) . A Do dé,

1T foll gy = A - 1 foll g2 g
< ||UpsHLQ>‘(Qp —LEN Q) HfOHLZ’JA(@%)‘

Vay
A < MU lligr oy (2.4)

T (2.3) va (2.4), ta nhan duge

- ||Ups”L“(@p LI Q)

Tt trén, v6i a = 0, ta thu dugc

1 ) . z
(w(B’y)mq /B UL f ()] w(x)d:v) < A1 se2 ()
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vol moi f € Bg’A (QY). Dicu nay suy ra rang Uj, bi chan tren BiA (@)
néu A hitu han. Mat khac, do f, € L%* (@g) nén f, € B (Qg), thanh
thit bang lap luan tuong tu trén, ta suy ra A hitu han va

HUp,sHBg”\(Qg)%Bg,A(Qg) = A.

[

Nhan xét 2.1. Khi s(t) =t va w = 1 ta thu dugc két qua ctia Dinh 1{ 2.1
va 2.3 trong [56]. Luu y rang cac Dinh 1i 2.1 va 2.3 trong [56], cic tac gid chi
dua ra két luan véi 1 < ¢, trong khi d6 Dinh 1 2.1 chi ra tiéu chuan bi chin
cd trong truong hgp ¢ = 1.

Nhu ta da biét, toan ti S?, cho bdi cong thic SP(f)(z) = [ f(tz)dt,
Ly

khong bi chén trong L'(Q,) (xem [51]). Do d6 mot cau héi ty nhién dit ra
tit day va tit Nhan xét trén, S? ¢6 bi chan trong L'*(Q,) hoic B'*(Q,),
v6i —1 < A < 0 hay khong? Vi

1

/‘t‘g)\dt _ (1 _ _d> Zp’yd(l—l—)\) — 00
p

Ly

v<0

nén theo Dinh 1i 2.1 ta thu dudgc

Nhan xét 2.2. Toan tit S? khong bi chan trong L' (Q,) va trong B (Q,),
vl —1 < A < 0.

Nhan xét 2.3. Truong hop A = —é, khong gian Bg’”\ (@g) va, L9 (@g) tré
thanh L% (Qﬁ) mac du ching minh dudc st dung trong Dinh 1i 2.1 khong
con dang nita, tuy nhién theo két qua ctia Dinh 1i 3.1 trong [34], thi két
luan ctia Dinh i vAn ding nhung phai b6 sung thém mot diéu kieén ki thuat
s(t)], > ]t\g v6i t € Z (c6 theé xem Dinh 1i 3.1 trong Chuong 3).

Bay gio ching t6i sé dua ra mot ap dung minh hoa cho két qué trén vao
nghién cttu nghiém cia cac phuong trinh gia vi phan p-adic. Toan ti gia vi
phan p-adic Vladimirov D, ¢6 vai tro trong nhiéu linh viie khac nhau ciia
giai tich p-adic [39, 54]. Hon nita, hé cac vecto riéng cia D 1a mot co sd
truc giao trong L*(Q,). Xét bai toan Cauchy sau

D%+ a(lz]p)u = f(|z],), 2 €Q,
u(0) =0,
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trong d6 a, f 1a cdc ham lién tuc, ham can tim v = u(|z|) 1a ham ban kinh.
Dé nghién cttu tinh gidi duge cia bai toan trén, nam 2014, A. Kochubei [40]
xét nghiem u c6 dang u = RP(v), trong d6 R? ¢6 dang

l—p™ o o
Rf@) =12 [ (o=l = ™) Sy
1—p ylp<|zlp

voi f la ham kha tich dia phuong trén Q,. Toan tit [?2 la nghich ddo phai
ctia D® trén khong gian cac ham hang dia phuong cé vai tro nhu toan ti tich
phan ham Riemann-Lioville trén truong thuc. Xét 1y (t) = 11:;)@__&1 1 —tfo!
va () = 1o(1 — ¢) thi

], "R f(x) = Uy, f(x) = Uy, f(z).

Dé cho ngin gon, ta chi xét ¢ day trusng hop 0 < o < 1. Truong hop
a > 1, duge xem xét tuong ty. Khi do,

]‘_p_a Ao
A, :1——1901/‘]5‘17 dt
L
1N\ 1—p©
_ (1) £ —(Atatl)
(1= )i T

720

Cha y rang A\+a+1 > 0 khi A > —5 v6i ¢ > 1 nén A, 1a hitu han. Tuong
tu,

—

1—0p N
Ay = —/\t\;u—ﬂpdt

1 _ pa—l
z;
1 —p @
S 1 pa—l |t|])9\dt
Py
— (1 _ 1) L= p _O‘l S pieD
p) 1=p =
< O

khi A > —1. Do d6, theo Dinh Ii 2.1 ta thu ducc

Hé qua 2.1. Gz'cisﬁ0<a<1,1§q<oova—§<A<0. Khi dé, R
la mot toan tii bi chan tu L4(Q,) vao Lq’A(\x\gaqdaS, Q,)-

Dinh 1i 2.2. Néu ¢, A la cdc s6 thuc théa man 1 < ¢ < 00,0 < A < 5 thi
i,s bi chan trén C'B]WOZ;A (QZ) khi va chi khi A la hitu han. Hon nia,

HUp,sHC’BMOg,’A(Qg)%CBMOgJ”\(@g) = A (2.5)
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Chitng minh. Gid st A hitu han va f € C'B]WOZ;A (QZ). Cho 7 124 s6 nguyén
tuy ¥, theo dinh 1y Fubini v cong thitc doi bién, ta co

. 1
A ( ) f(s(t):v)w(t)dt> w(@)da

— /* fs(t)By,ww(t)dt’

Ap dung bat ding thitc Minkowski, ta dugc

1 p _ p a
(w o, [V @) = UL1),.

_ ( 1 /B /* (f(s(t)x) = fsyp,w) ®(t)dt

W (ny)l—k)\q

1 q d+oa)A
< / (w T [ 150 = fas, w(y)dy) SO ()t

-
<A ||f||CBMOg;A(Qg)

< OQ.

Vay Up78 bi chan trén C’B]WOE;A (Qg) va

” 5,8HCBMoz;A(@g)—wBMog;*(Qg) <A (2.6)

Ngugc lai, gid st U}, , xac dinh nhu 1a mot toan tit bi chan trén C’B]WOE)’A (@g) .
Xét ham fo(z) = |zl Theo BS dé 1.5, f, € CBMOY" (Q?). Mat
khac,

q

1 i p q
(cu (BW)HM /B7 ‘U ,sfo(ﬂf) - (U@b,st)wa w($)d$>

q

— (w (Bl)HAq/B |f0(x)—(fo)3%w|qw(:v)da:> A.

Do d6 HUp,stHCBMog’A(Qg) = HfOHCBMOE’;A(Qg)A' T d6 suy ra

[ 5,5HCBMOZ”\(@g)ﬁCBMOg,”\(Qg) > A (2.7)
Vay A hitu han. Két hop (2.6) va (2.7), ta thu dugc két qua (2.5). O

Nhan xét 2.4. Khi s(t) =t v ham trong w = 1, ta thu dugc cac Dinh ly
2.1, 2.3, 2.5 ctia Wu va Fu [56].
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2.3. Giao hoan t& cua toan ti p-adic Hardy-Cesaro
2.3.1. Cac giao hoan ti¢ va bo dé bo tro

Giao hoan ti clia toan tit Ul | duge xac dinh nhu sau

Pinh nghia 2.3. Cho ¢ : Z* — [0,00),s : Z* — Q,, b la ham kha tich
dia phuong trén @g, f: Qg — C 1& ham do duge. Giao hoan ti clia toan
tit p-adic Hardy-Cesaro c6 trong f;i dugc dinh nghia nhu sau:

Wiﬂ@Ziﬁf@@ﬂXM@—ﬁﬁﬁﬁﬂwﬂﬁ- (2.8)
b

Bai toan ching t6i quan tam & day la nghién ctu tinh bi chan cua
U? Z trong cac khong gian ham kiéu Morrey. V6i ham biéu trung b thudc
BMO.,,(QY), trong [34], tac gia da dwa diéu kien can déi véi ham ) de U} 0
bi chin trén khong gian Lebesgue ¢6 trong. Q.Y. Wu, Z.W. Fu [56] dit van
dé nghién ctu bai toan dic trung ham trong ¢ dé Ui’b bi chan trong cac
khong gian kiéu Morrey p-adic. Trong [55], tac gid dit van dé nghién citu
tuong tu cho toan tit Hardy dang tich phan ham p-adic. Muc dich clia phan
nay cla chung toi 1a nghién citu tinh bi chin cia giao hoan ti U? Z trong

cac khong gian tam Morrey p-adic v6i trong luy thira.

Mot trong nhitng ki thuat chia khoa 1a két qué sau day.
B6 dé 2.1. Gid st ring b la ham thuoe C BMO%* (Qg) va 7y, la cdac so

nguyén. Gia st A € R sao cho A < %, l<g<oowviwe W, viia> —d.
Khi do ta co

) A A
bp,w — bBW,,w < o™ |y = ||b||oBz\403;A max{w (B,)",w (By)"},
d do
1 néu A=0
(d+a)np- 2o I\ néu A0

|p(d—|—a)>\_1| )

C\ —

Chaing minh Ta chi can ching minh B8 dé cho trudng hop 4" > ~. Ap dung
bat dang thiic Holder, ta co

1
}bB’H-lvw o bB’Ww‘ S / }b(x) o bB’Y-}-lvw‘ w(x)dx
B’V

<



1/q
< (j}ggj) </B b(x) — bBﬁl,w‘qw(a:)da:)

N A
= w0 (Bi) Wlomron ag)

Do do,
a A
5,110 = b] <P 0 (Brd) Wlommonr(er) (29

Ta co

7'—1

S : : ‘ka—i-lvw T kavw‘
k=

‘ bBV/ W bey,w

/

v —1

o A
< pd+ ||bHCBMog;A(@g) ' Zw (Bs1)

k=~

/

v —y—1

0" A — a)A\j
:pd+ ||b||CBM03,’>‘(Qg) -w(B,.y/) Z p (d+ ))\]

=0
Vi vay ta chi can chitng minh Bo dé trong trudsng hop A # 0.

Trusng hop 1: X > 0. St dung bat dang thic 1 —e™@ < x véi & =
(d4+ a)A (v — ) Inp, ta thu duge

< L A (Y = ) bl (B
=P @y T WA =) Pl erogr? \ Py

‘bBW/ W bB%w

« A A
= p™ Y = vylmax{w (B,)",w (By)"} - ex - 1bll o pason-

Truong hop 2: A < 0 dudc chitng minh tuong tu. Vay ta dugc diéu phéai
chitng minh.

2.3.2. Cac két qua chinh

Két qua dau tién 1a dinh li sau day.

Pinh 1i 2.3. Cho q, ¢, ¢ la cdc $6 thuc sao chol < ¢ < ¢4 < 00, + =

q

qil—i—qiz va —qil <A <0. Chos:Zy— Q, la ham do dugc sao cho s(t) # 0
hau khap noi véi t € Z}, w € WP, Gid sit ring b € CBMO® (QY). Néu

p)
cé A, B hitu han thy giao hodn ti UP" zdc dinh mot todn ti bi chan tu

,S

Bf{}’A (Qg) V40 Bff (Qg). Nguoc lai, néu Upﬁ by chan tu Bg}”\ (Q]‘j) te)
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Bg’)‘ (Qg) thi B, hitu han.Hon nita,

HfOHBg’A(@g)

. B*
HfOHBZl’”\(Qg)

) HbHCBMog}M(Qg) SHUingBgI’*(

ORCAICY
< (2A+p"B) - bl cparom (og)-

0 day chung tor ki hiéu
B= [ 1sOL" flog, ls(0)l] - w(t)dt (2.10)

Va

| ()1 log, [s(t)], - w(t)dt|. (2.11)

Vi log, |s(t)], 1a s6 nguyen véi bat ky t € Z3. Do d6 [s(t)], # 1 hau
khap noi trén Z; thi B > A. Mat khac néu |s(t)|, > 1 hau khap noi véi
t € Z; hodc |s(t)[, < 1 hau khap noi véi t € Z7 thi B, = B. Diéu do suy
ra hé qua sau.

Hé qua 2.2. Choqch ¢> la cdc so thuc sao cho 1 < ¢ < q1 < 00,
:__|__ va—— < A<O0. Chos:Z;— Q, la ham do dugc théa man
( )|p > 1 hau khap noi t € Z hogc |s(t )\p < 1 hau khap noi vdi t € Z,.
Néu b e CBMO® (Qd) thi giao hodn ti Up zac dinh mot todn ti bj chcm
tu BOA (QF) wao B (QY) khi va chi khi B hitu han.

1
q
s

Nhan xét 2.5. Nhu ta da biét, giao hoan t clia toan tt Hardy noéi chung
"ki di hon" so v6i toan ti Hardy tuong tng. Diéu nay ciing khong ngoai 1é
trong truong hop khong gian tam Morrey. Thuc té, khi |s(t)], < 1 v6i hau
khap noi t € Zy, thi B hitu han kéo theo A hitu han. Mat khac, vi du sau
day chi ra A hitu han néi chung khéng thé suy ra B hitu han.

That vay, chon s(t) = pt, P(t) = L 7, thi ta ¢

ptlp T T (log, [ptlp )
1
A= / it
z; |pt],, (logp !pt| )

_Z/S

k<0

_Z 1)

k<0

39



Trong khi d6
1

B = dt
Z} pt’p ‘logp ‘ptlp‘

-2 [

k<0

Dinh 1i 2.4. Cho1 < ¢ < q1 <00, ; = -+ =, =2 <A <0,—- <

q q q1

M <0,0< A< é va A = A + Xo. Cho s : Ly — Qp la ham do duoc
sao cho s(t) # 0 hau khap noi, w € WP. Néu C hiu han thi vdi bat ky
b € C'BMO?’AQ(QZ), giao hodn ti tuong tng Upﬁ bi chan tu Bgl”\l((@g)
vao B (QY) va ta co

b
UM o gy gy < (24 P77 en) - C - 10l cpprome gy

¢ day cy, la hing s6 dugc wdc dinh nhu trong Bo dé 2.1 va

€ = [ a1, [5(0) 4 Y s(0) [ - g (D), | (0

2.3.3. Ching minh két qua chinh

Dé thuan tién cho viéc trinh bay chitng minh chiing t6i st dung cac ki hiéu

sau

1B, | = w(B,)

byw = bp,

baqyw = bap,w VOia €Q,
aB,|, = w(aB,)

L1 = LI\ (@)

BL* = B (Qp)

CBMOY = CBMO** (QY).
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Chitng minh Dinh Iy 2.3. Giad st ring cd A va B hitu han. Ap dung bat
dang thiic Minkowski va Dinh 1i 1.4 vé doi bién sé p-adic, ta co

Q=

q

g( | / b(x) — b (s(t)a)| | (s(t))] (t)dt w(x)dx>

Q=

< | g / / ba) = byl | (s()) 6(0)dt | wl)da

+ ( l—l—)\q/ /{bww o s(t ’yw| ‘f ) w(x)da:)

+ ( 1+)\q/ /‘b ’yw’ |f |¢( ) W(Qf)dﬂ?)
— L+ L+ 1,

Dé danh gid I; va I3, dau tien lwu § réng w (tB,) = [t|¢"*w (B, ), do d6
theo bat dang thiic Minkowski, I kh@ng 16n hon

1

B,Jo" / [ @) = b o ( / £ (s()m)|" <>dx)qlw<t>dt

< [Bllemo - Il | 1w (e)de

Do do,
L < [ollesaro - ILfI1; |s(t) [y (t)dt (2.12)
1 > C«BMOW2 Bgl,)\ p . .
Ly

Tuong tu, ta co

Iy < Ibllesors - 11l / SO ed (21
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D6i vé6i I, ap dung bat dang thiic Holder, ta cé

1

q

I, < / 1—|—>\q / ’f )da: ' ‘b%w - bS(t),%w| @D(t)dt

*

< [\ i / (O e | by~ by 0l

*

<l gy / SO [ = butg] - v(E)E

Tit gia thiet ctia Dinh i, v6i hau khap noi ¢ € Z7, ton tai s6 nguyén '
sao cho |s(t)], = p”. Ap dung B dé 2.1 véi A = 0, ta dugc

’b%w o bs(t)f77w| — ’b'7>w T b’7+’7/7wl
< pdm ’ |"Y’| . ||b||CBM03,2
= ™ - blleparor [log, [s(t)],] -

Do vay, ta c6

b < o Wlemo 1l [ 15018 flog, s, | @)t (210
Z;

Két hop (2.12), (2.13) va (2.14) ta thu duge

L+ L+ I3 < (2A 4 p™B) - 1bllopaor - HfHnglvA :

Vay Up:l; bi chan tu Bg“ (Qg) Vao Bf;A (Qg). Hon ntia,
1052 g o < (2A+9"7B) - [blleaoz

Bay gio gia st rang U7 P . dudc xac dinh nhu mot toan ti bi chan tu
B (QF) vao BiA Q). Lay bo(x) = log, |x|,, do Bo dé 1.2 va Bo dé 1.4

suy ra by € CBMO® (Qf). Vi ‘Uf;gfo(x)| = fo(x) - B,, do bo dé 1.5 ta c6
HUi’,zfoHBgA(@g) :HfOHBg»A(@g) - B,
1ol g (g

— - B a1, :
il ) 70
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Do d6 B, hitu han. O]

Ching minh Dinh li 2.4. Ly luan tuong tu trong chiing minh cua Dinh 1y
2.3, v6i moi v € Z, ta cb

B, |1+)\q/| r)|'w(r)de | <L+ 1+ I,

trong do

Iy < bl epagoes 1 g / [S(OIE (),

Iy < [bllgmos 15l [ 15O - ooy

va I, duge danh gia nhu sau
q

bz(,B i / / (B — o) (s()2)] (1) w(x)dx>

1
q

Q=

<[\ |1“q / PR @ | by — bl (B)dt

*

</ ﬁ / F(s(8)2) | w()da |317\w [ vl

Zy

_ —A2 1 q (d+a)A1
=182 [\ g [ wlrewiy | sl

Z ! s(t) B,

b0 = qu
< 1 Bl / SO b0 = b2

/

V6i méi t € Z sao cho S(t) # 0 ton taiy = +/(t) € Z sao cho |s(t)|, = p7.
Ap dung BS dé 2.1 ta thu duoc

|b%w - bS(t)»%w| — |bvw - b%w w‘
< eV 0Nl paromre max {| By 122, [ Byris 22}
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Do do,

I, < ch—oéC)\2 ||bHCBMOZ,2’>\2 HfHBgl’)‘l /maX{l, pfy/(d+a)>\}‘s(t)|z()d+a)>\1 <
Zp

 [log, [s()],] (t)ds

< 5 Bl F o [ max(L s s x
Zpy

 [log, [s()],] (1)t

Do vay ta thu dugc
L+ 1+ 1 < (2 +pd+“cA2)C||b||CBM032,A2 11| g
Vay
,b o
‘|Up,sHBg7A(Qg) < (2 +pd+ C>\2) | ||bHCBMOZ2”\2(Qg) -C.
Diéu nay két thuc ching minh Dinh 1y 2.4. ]

Két luan ctia chuong 2

Trong chuong 2 ching toi thu duge nhitng két qua sau:

e Ching téi tim duge chuan cta toan ti p-adic Hardy-Cesaro c¢6 trong
trén khong gian p-adic Morrey LgA(Qg), khong gian p-adic tam Morrey
Bg’A (QZ) va khong gian p-adic C’B]WOE{;A (Qg), trong doé trong w dugc
lay trong 16p ham trong We.

e Ching toi dua ra dudec mot dieu kién can va mot dieu kien du doéi véi
ham trong ¢(¢) va ham tham s6 s(t) dé giao hodn tit UL bi chan tren
khong gian p-adic tam Morrey c6 trong véi biéu trung trong khong gian
p-adic tam BMO c6 trong.
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Chuong 3

TOAN TU DA TUYEN TINH P-ADIC HARDY-CESARO VA
GIAO HOAN TU TREN MOT SO KHONG GIAN HAM P-ADIC

Trong chuong nay chung to6i nghién citu cac tiéu chuan cho tinh bi chan va
chuan clia toan t da tuyén tinh p-adic Hardy-Cesaro trén tich cac khong
gian Lebesgue p-adic va tich cac khong gian kieu Morrey trén tusng p-adic.
Lugc dd ching minh cac két qua chiing toi st dung & day dudgc phat trien ti
luge do da duoc st dung trong chuong trude, két hop véi cac phuong phap
duogce st dung trong nghién cttu céc toan ti da tuyén tinh trén truong thuc
hay trén cac nhom compact dia phuong. Bai toan tuong ing dat cho giao
hoan tit cua toan tu p-adic Hardy-Cesaro ciing dugc chung téi nghién cttu
trong chuong nay. Phuong phap nghién cttu 6 day do6 la van dung phuong
phép cua Coifman, Rochberg, Weiss [14] trong nghién cttu toan tit giao hoén
tit cho tich phan ki di, toan ti cuc dai, ... Bén canh d6, ching toi sé thiét
lap danh gid dao dong gitta trung binh ctia hai ham thuoc CBMO, tit d6
thiét lap cac danh gia L? cho céc toan t tich phan loai trung binh. Diém
khac biet ¢ day chinh 1& dbi v6i cac toan ti tich phan ki di, ta thuong thong
qua bat dang thic John-Nirenberg, thi ¢ day ching t6i danh gia truc tiép
thong qua cac bat dang thic tich phan Minkowski va Holder.

Noi dung ctua chuong nay dya trén bai bao 2. trong danh muc cong trinh

da cong bo.
3.1. Dat bai toan

Céac toan tit da tuyén tinh, dac biet 1a cic toan tit song tuyén tinh cé vai
trd quan trong trong 1y thuyét ham, chang han nhu tinh déi ngau cta cac
khong gian LP. Trong giai tich diéu hoa, viéc nghién cttu cac toan tiu da
tuyén tinh ndy sinh mot cach tu nhién trong qua trinh nghién citu cac toan
t tich phan.

Bai toan nghién citu tinh bi chin clia cic toan tt Hardy song tuyén tinh,
da tuyén tinh dugc bat dau tit cac cong trinh ctia E. Sawyer nam 1987.
Tuy nhién, phai dén gan day, nam 2012, méi c6 nhiing cong bd dau tién vé
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chuan ctia toan t1t da tuyén tinh Hardy ctia Fu, Grafakos, Lu va Zhao [26]
trén tich cac khong gian Lebesgue véi trong luy thita (nhac lai rang day 1
dang da tuyén tinh ctia toan tit trung binh trén hinh cau theo nghia cia
Faris). Nam 2014, nhém tac gia Fu, Gong, Lu, Yuan [29, 32] d& chiing minh
H™ bi chan tit L7 (R") x - - - x LP"(R™) vao LP(R™) khi va chi khi

A = / (ﬁ tz-_%i> w(t)dt < oo.

0<tyto,.tm<l V=1

Hon nita chudn toan ti chinh la 4,. O day nhic lai,

Hln(f)(f) - / (ﬁ fz(tzx)> w(5ﬁ7$ = an (3'1)

0<t]<-<tm<l1 i=1

Nam 2015, cac tac gid Hung va Ky [35] phat trién cac két qua trong [29]
cho toan tit da tuyén tinh Hardy-Cesaro cho béi cong thic (10) va giao
hoan tit cia chung trén tich cac khong gian Lebesgue va trén tich cac
khong gian tam Morrey véi trong thuoc 16p trong luy thira. Cac tac gia
thu dugce két qué tot hon céc két quéa cua Fu, Gong, Lu, Yuan trong [29]

nhu sau: v6i cac ham sy, ..., s, : [0,1]" = R 1a cac ham do duge sao cho
|sk(th, ..., ty)| > mint;, ... t) hau khip noi (¢,...,t,) € [0,1]",8 >
0,1 <pp <00,k =1,....m,8 = (S1,---,5m), (Wi,...,wWy) thod man

dieu kien Weg thi toan tit Ujy" bi chan tir L (R") x -+ x LI (R") vao
LP (R") néu va chi néu

aie | (ﬁrsk<t>rd¥?k>w<t>dt<oo

[0,1]"

va chuan clia toan tit ding bing A.

Trén trudng p-adic chuwa c6 mot két qua nao nghién citu chuan ciia toan
tit da tuyén tinh Hardy-Cesaro. Chinh vi vay, ching toi dit ra viéec tiép
tuc phat trién cac két qua da thu dudc trong chuong 2 cho trusng hop da
tuyén tinh. Nhitng két qua nay trong truong sé thuc da dugc nghién ctiu
trong [35]. D61 v6i giao hoédn tit, do tinh phtic tap, ching toi chi dit van de
nghién cttu bat dang thic trong chuan cho giao hoan t clia toan ti song
tuyén tinh. Ching toi sé chi ra mot s6 két qué thu duge trén truong p-adic
1a tot hon so v6i cac két qua trén truong so thuec.

Dinh nghia 3.1. Cho m,n la cic s6 nguyén duong va 9 : (Z;)n —
0; +00), §=(S1,...,5n) : (Z;)n — Q)" 1a cac ham do duge. Toan tir da
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tuyén tinh p-adic Hardy-Cesaro c6 trong U ™" xac dinh doi véi vecto clia

cac ham do duge f = (f1,..., fn) : Q0 — C™ , dugc dinh nghia nhu sau

Ups " (f1,-- o f) (@) = / (ﬁ J (Sk(t)$)> Y(t)dt, (3.2)
@)

V6l § = (817"-7Sm)-

3.2. Chuan ciia toan tii da tuyén tinh p-adic Hardy-Cesaro trén tich cac

khong gian Lebesgue va tich cac khong gian kieu Morrey

Cho X, X4,..., X, 1a LZ}(QZ) hay Lf’d’A(Qg). Muc dich ctia phan nay 1a tim

diéu kién dic trung ctia ham () va si(t), ..., s,(t) sao cho
NUEZ" (frs s o)l < C T Il (3.3)
k=1

dung véi bat ky f1, ..., fi. Chung toi ciing dua ra cong thiic xac dinh hang
s6 tot nhat trong bat dang thiic trén. Dé cho tién ta sé ki hieu hing sb tot
nhat doé 1a

0=z

,n
’ HX1><-~-><Xm—)X )

2 - . s, S 2 s, ~ ~ X A~ A soe PN N 2
Dé chiing minh cac két qua chinh chiing t61 can mot so khai niém va bo

dé quan trong sau.
3.2.1. Mot s6 khai niém va bo de

Trong chuong nay, néu khong dé cap cu thé dén thi ta luén gia thiét
q,, q;, o 1a cac s6 thue, 1 < g < 00, 1 < ¢; < 00, o > —d Vi

moéi j =1,...,m sao cho
1 1 1
_:__|_..._|__7 (3.4)
q q1 m
va N N
Oz:&+...+q_m. (3.5)
1 dm

Cho cac ham trong w; € WP

ap?

kE=1,...,m. Dt

w(@) = [[w (), (3.6)

khi dé ta c6 w € WP,
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Dinh nghia 3.2. Cho cac ham trong w, € WP .k =1, ..., m. Tanoi rang

op?
(Wi -+, W) thoa man dieu kien WE néu
4
w(So) = | [ wi(So)w. (3.7)
k=1
Vi du 3.1. Cho cdac ham trong w, € WE (k= 1,...,m vdi w(z) = |z|)*
vdi k=1,....,m thi (wy,...,wy) théa man dieu kién W=.
Trong toan bd chuong nay, sq,...,S,, la cac ham do dugc tu (Z;)n Vao
Q, va ta ki hiéu bdi § = (s1,...,5m).

Bo dé dusi day 1a mot vi du cho ham thuoc khong gian L7 (Qf).

Bo6 dé 3.1 ([34], tr. 873). Cho w € WP, a > —d va v > 0. Khi dé, cic
ham
0 néu |z|, <1

fra() = dta_ 1

zl, © 7 néu x|, > 1,

_(_w(S) v 0
L@ =\ = pr/? > U.

Ching minh. Tit dinh nghia cta f, ., ta co

Zz;(@g) :/|fr,w|rw($>d5’7

thuge Li(Q2) va || fr)

1241

Qg
(dtat T
_ / 2, () da
|lz[p>1
— Z/p_k(d+a+7%)w($)d$
k:OSk
- —k(d4+a+-5 .
_ Z/p (d+ +72)pl<: +kdw(y)dy
k’:OSO
.k
— Zp 72(,()(50)
k=0
1
— _LW(SO)
1—p 7
< 0.
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Vay f,, € LL(QY) v6i mdi v va || f.,|

1
_( ws0) )
LL@Qf) = (1 Og) > 0. -

3.2.2. Cac két qua chinh

Céac két qua chinh ctia muc nay 1a cac Dinh 1i 3.1, Dinh 1{ 3.2, Dinh Ii 3.3.

Dinh 1li 3.1. Cho m,n € N, f; € ngi(@g), q, v, G, 0y la cde so thuc,

1 <g<oo, 1< g <oo,p > —dwdimoij=1,...,m sao cho
1 _ 1 1 m .
Efq—l—i—"'—I-q—m,fJé:%—F 4wy, eEW? (w1, ...,wn) théa man
dieu kien WY va ton tai mot hang s6 > 0 théa man |si(t1, ..., )|, >
min{|t,|2, ..., [t.|7} ding vdimoik =1,... ., mvavdi(ti,...,t,) € (Z5)"

hau khdp noi. Khi dé, ton tai mot hang so C sao cho bat dang thic sau

| pmn(fla-'-afm)HLq(@g)<CHka||L (@) (3:8)

ding vdi bat ky ham do duoc fi, ..., fm khi va chi khi

d—l—Oék

A= / H Isk(D)]p, ™ (t)dt < co. (3.9)
Hon nita, dudi gid thiét (3. 9) thi ta co
|l = A

Dinh 1i 3.2. Cho m,n € N, f; € LEN(QY),1 < q,qp < 00,0,y Ay
la cdc so thoa man (3.4), (3.5) sao cho —i < A < O, € WE it

L& (QF)x--x LI (QF)

k=1,....,m. Gid st ring (wy, . ..,wy,) théa man dieu kien WE. Dat
d d+ ay,
d+ o d+ o

G'id thiét rang
B = / H\s ()| eap(t)dt < oo (3.10)
Z*

k=1

va
1—|—)\qu

(w( £ > 1 (w (3.11)

k=1
vdi By la hinh cau {x € Q) : |z|, < 1}. Khi dé, ton tai mot hang so C
sao cho bat dang thic

027" G Sl < C T lagoegy (312
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ding vdi bat ky ham cac do duoc f1, ..., fm. Hon nia, hing so tot nhat C
trong (3.12) bang B.

Dinh li 3.3. Cho m,n € N, f; € BEN(Q?),w, € WE . q, @i, A, i, Ay, L
cdc 56 thoa man cac dieu kién trong Dinh li 3.2 va cdc dieu kién (3.4), (3.5)
ciing dugc théa man. Gid si rang (w1, - -+ , Wy, ) théa man dieu kien WE. Khi
dé Uf;?" xdc dinh mot toan ti bi chan tu Bgll’h(@g) X e X BgZ’Am(QZ)
VA0 Bg”\((@g). Hon nia,

Uz - B. (3.13)

A A S, A
BIA (@) < x B ™ (@) - BE (@)

Ching minh Dinh li 8.1 . V6i cac gid thiét cia Dinh li ta c6 w € WE. Gia st
rang A hitu han. Cho f; € L% (Q). St dung céc bat dang thitc Minkowski,
Holder va phuong phap doi bién p—adic (1.5), ta duge

||U£:?7n(f17 IR 7fm)||L3J(Qg)

< ( / ( /(Z;)n (T 15 <sk<t>x>\)w<t>dt> w(w)das>

k=1

1
q

p

/ (/H‘f‘f si(t)r)[" w(z )dx> W(t)dt

1

/p H (/\fk si(t)z)|™ w (:L’)dg;) qk¢(t)dt

= A (H ka”Lf{,’;(@;ﬁ)) < o0
k=1

Do d6 UJZ™" bi chan ti LE (QY) x --- x LI (Q%) vao L(QY) va hing s6
tot nhat C' trong (3.8) thda man

C<A (3.14)

Q=

Ngudc lai, gid st rang U? %" la toan t1t xac dinh va bi chan tir LI (Qg) X
<X LI (QF) vao LL(Q?). Cho y 1asé duong tuy y vavéimdi k = 1,...,m,

ta diat v, = ‘/%’“yva

0, néu |z|, <1,
f%ﬁk(x) - —dZ:k—% )
x|, , mnéu x|, > 1.
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1
df
2 32 N Wk S
Theo BS d& 3.1, fy,, € L8 (QY) v || fuuml o o) = CN I
1—0p I
C6 dinh x € QI v6i |x|, > 1 va dat

E, = m {te(z)" : |sp(t)z], > 1}.
k=1
Vi [sg(te, ... ta)]p = min{|t4]7, ..., [t,])} véi hau khdp noit = (t,...,t,) €

(Z;)n , ton tai mot tap con F' cua (Z;)n c6 do do 0 chia tap £, nghia la
B c{te ()" : It > lal," } \ F

Do do6 ta co

HUg?,n(fm 2 R fqm 'Ym)H(ZI'Jq (@d)

/ / <H Jw e (Sk(t ) Y(t)dt| w(x)dx
-/ <H|w|p ' _> [ sl ™ Fo| wfads
alo>1 \W=1 Bz —1
> |iU\p ( [ 1s:(®)] qkk zzb() ) w(x)dz
xp/>1 /k !
> / \$|;d_ d:v( 1_[|5;C T ﬁzﬂt)dt)
j2lp2p7 o b=t

m d+ay, 1 q
q T A2
=p " H qumch%gi(@g) (L H ‘Sk(t)lp & k’gb(t)dt) .

Ki hieu E = {t € (Z})" : |t|, > p™/?}. Do [s(t1, ..., t,)|, = min{[t;|?,
., |ta|0} v6i hau khip noi t = (ty,...,t,) € (Z;) ,suy ra B, O E. Do
vay ta thu dugc bat dang thic sau

d leY mn

/H’S —Zk;k iw(t)dt< _H p (fq1717"'7me,’Ym)H

k ~
E ] Hk:_l |‘ka77k|’LZ’7€(Qg)

< Cp~,
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6 do C la hang s6 trong (3.8). Cho 7 — 00, do dinh 1i hoi tu bi chin
Lebesgue, ta thu dugc

d+0¢k

/ H!sk p " p(t)dt < C. (3.15)

T (3.9) va (3.15) ta suy ra rang A 1a hing s6 tot nhat trong (3.8). O

Nhan xét 3.1. V6i m = n = 1 ta nhan duge Dinh 1i 3.1 trong [34]. Luu y
rang bat dang thic (13) cho hai day s6 thuyc khong am 14 hé qua tryc tiép
ctia Dinh 11 3.1 trong [34]. Mat khac, vé6i s(t) =t va w = 1, thi

A = /|t|;d/gdt

Zpd’y(l/q 1

>0
Do do, trong trudng hop nay, A hitu han khi va chi khi ¢ > 1. Vay S? khong
bi chan trén Ll(Qp) va véi 1 < g < oo thi
p—1 1
p l1—pe

157 || Lo(@y)—L9(@y) =

trong do6

f@) = [ i)

Ching minh Dinh li 8.2 . Gia st rang B hitu han, do % = qil S qim,
nén theo bat dang thiic Minkowski, Holder va cong thitc doi bién, ta co

1
q

! o )| w(x)dz
(i o e Ao o)
< o (G Ly 00 wton) v
<

/(Z ”H< B.( ))HM% /Bw(a)|fk(5k(t)$)|qk Wk(ﬂ?)dx> Y(t)dt

k=1
1

i ! * ' X
/ Z;) ;n ( si(t) B, (a)) " /sw)Bw(a)|fk(y)| k(y)dy>

=1
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(ioe)
k=1

Uéc lugng cudi cting suy ra Uy'e™" la todn tit bi chan tir LuA1(QY) x -+ - x
LA (QF) vao LENQF) va hing s6 tot nhat C' trong (3.12) khong 16n hon
B.

Nguge lai, 1y for(x) = \x\](?d“"m’f v6ik = 1,...,m. Cha y rang A\ >
—1 nén theo B6 dé 1.3, ta c¢6 for(x) € L= (QY), || forll axre,man > 0 vA
q Wgk D ka (Q5)
fo(z) = |z|{"* € LEMNQT). Mat khéc ta c6

N [T fonCosty sy

Vi vay,

NUZE" (fors -+ fou) | ggy = B+ Hfoll ooy
< Cj"|fbHLng@g)-

Vay B khong 16n hon C' (C 1a hiang s6 trong (3.12)). Vay Dinh 1y 3.2 dugc
chitng minh. []

Chitng manh Dinh It 3.8 . T ching minh ctia Dinh 1i 3.2 v6i a = 0 ta thu
duoc

( i | p’"”fh..-,fm><x>rqw<as>dx) < BT Wil o

v6i moi f, € Bg’z’kk (Qg). Tu do6 suy ra Ui?n bi chan trén Bg’A (Qg) néu
BB hitu han.
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Chiéu ngudc lai chiing minh tuong tu nhu ching minh ctia Dinh 1i 3.2
bdi vi for, € ij;f’% (Qg) suy ra rang for € Bg’;’)‘k (@g) vik=1,...,m va
fo(z) = |z[\**** € B2A(Q?). Vay ta c6 diéu phéi ching minh. O

Nhan xét 3.2. Khang dinh ctia Dinh 1y 3.3 t6t hon khang dinh ctia Dinh
Iy 3.4 trong [35] & chd ching toi tim ra duge chuan clia toan tit da tuyén
tinh p-adic Hardy- Cesaro, con khang dinh ctia dinh 1y 3.4 trong [35] chi méi
dua ra duge diéu kién ctia ham trong dé c6 bat dang thitc ngugc lai ma chua
dua ra dugc chinh xac chuan clia toan tit. Hon nita ching toi con tim dudgc
chuan ciia toan ti da tuyén tinh p-adic Hardy- Cesaro trén tich cic khong

gian Morrey.

Nhan xét 3.3. Truong hop m = n = 1 ti Dinh 1i 3.2 va 3.3 ta thu dugc
Dinh 1i 2.1 trong Chuong 2 ctuia luan an nay.

3.3. Tinh bi chan cta giao hoan ti& ctia toan ti song tuyén tinh Hardy-

Cesaro c6 trong

Trén trudng p-adic, giao hoan tit clia toan tit tich phan kieu Hardy da ducc
nghién ctu trong rat nhiéu bai béo gan day (xem [11, 34, 56, 57, 59] va céc
tai lieu tham khdo trong d6). Dé tiép ndi cac nghién citu dé ching t6i ciing
nghién citu giao hodn tit cia toan tii song tuyén tinh p-adic Hardy-Cesaro
cO trong Ug?” v6i bicu trung trong CBM O (QY).

3.3.1. CAc giao hoan tw

Chung toi dinh nghia giao hoan tit clia toan ti da tuyén tinh p-adic Hardy-
Cesaro c¢6 trong, theo ¥ tudng cua Coifman-Rochberg-Weiss [14] nhu sau.

Dinh nghia 3.3. Chom,n € N,¢ : (Z;)" — [0,00),51,...,5n : (Z3)" —
Qp, b1,...,by, la cac ham kha tich dia phuong trén Qg va fi,..., fm
Q]‘f — C 1a cac ham do ducc. Giao hoan tit clia toan ti p-adic da tuyén
tinh Hardy-Cesaro c6 trong U, " dugc dinh nghia nhu sau

UPZ" P (fr, o ) (@) =
= /(2*)n (H fk(Sk(t)iE)) (H (b(z) — bk(Sk(t):L’))> O(#)dt. (3.16)
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. = (d+ag) M\
= /(Z;)n (H 50()] ) (1)t (317

k=1

/ (H EA (d+ak > (ﬁ ‘logp |s5(t) p

Véi m = 2 ta c¢6 dinh nghia clia giao hoan ti clia toan tit song tuyén

) b()dt.  (3.18)

tinh p-adic Hardy- Cesaro c6 trong nhu sau:

Dinh nghia 3.4. Cho n € N,¢ : (Z})" — [0,00), 81,8 : (Z%)" —
Qy, by, by, 1& cac ham kha tich dia phuong trén Qg va f1, fo : Qg — C la
cac ham do dude. Giao hoan tit clia toan ti song tuyén tinh p-adic Hardy-
Cesaro c6 trong U % duge dinh nghia nhu sau

UP2(fr, o) () =
— / (H Tr(sk(t )) (H (br(x) — bk(Sk(t)Q?))) Y(t)dt.

Dat

(3.19)

*
p

/ <H|sk (res) >¢(t)dt (3.20)

/ (H 551 >) (ﬁ log, st

Nhan xét 3.4. D, < oo khong suy ra Cy < 0.

va

)| ) w(t)dt.  (3.21)

That vay, néu Sk(t) =1 va w(th s 7tn) —
C2 —

Nhan xét 3.5. Ngudc lai, Cs < 0o cing khong suy ra duge Dy < 00.

thi Dy, = 0 nhung

[t1lp- Itnlp

That vay, voi si(t) = 7, sa(tr, ..., t,) = t; va

g(t1)

w(tlan-;tn) — 5 d+ ))\ ,
1:[ |51 (t ) '
¢ day ham
0, néu |t1], = 1,
g(t1) = 1 (3.22)

néu ’tllp < 1.

It1plog [t1lp
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Khi d6
w|n—1
CQ — }Zp‘ / g(tl)dtl

P

e — 1\ 1
N (L

Mat khac

D, — ‘Z;|n—1 . é* |logp |t1‘p‘ g(tl)dt1

nel  — 1\ 1
:‘Z}ﬂ 1-2(1——>—.

j=1 p .]

= Q.
3.3.2. Cac két qua chinh

Dinh li 3.4. Cho m,n € N, f; € Bgfi(@g),l <qg<q <001 <p <
oo,—pik <A <0,w; € WPk =1,2, sao cho

1 1 1 1 1

—=— 4+ —+ — 4+ —

q9 G G Pr P2

949 9 49

va X = A+ Ao, Gid thiét rangw; € WY k= 1,2, w(z) = w)" "-wy® ™ €

P o — 191 gou qao Q2 5
Wo" Q1+p1+QQ+p2

(i) Néu cd Cy va Dy hitu han va vdi bat ky cac ham b = (by,by) €

CBMO?; (@g) xCBMO?? (@g) tha Ufj;?” bi chan tu Bgll Al (Qg) X ngM (@g)
vao BH(QY).

(it) Néu vdi bat kj b = (by,by) € CBMO?(QF) x CBMO?(Q) va
Uf/j;?b bi chan tu Bgll’kl((@g) X 3522’)‘2(@2) VGO Bg’A(Qg) thi Dy hiiu han.
Hé qua 3.1. Chom,n € N, f; € Bgi;&(@g), l<qg<q <o00,1<p, <
oo,—pik <A <0,k=1,2, sao cho

1 1 1 1 1

—=—4+ =+ —+ —

9 @ 42 P11 P2
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va A = A\ + Ao, cdc ham trong dugc gid thiét nhu trong dinh ly 3.4. Hon
nia, gid thiét rang |sg(t)|, > 1 hau khap noi vdi t € (Z;)n hodac |si(t)|, < 1
hkn vdit € (Z;).n vdi moi k =1,2. Khi do, Ug:g’g bi chan tw Bgll’)‘l((@g) X
B22(Q2) vao BENQL) néu va chi néu Dy hitu han.

That vay, vi ||, > 1 nén |z|, > p, do d6 ta c6 Dy > (logp) Cy. Vay hée
qua 3.1 dudc suy ra truc tiép tit Dinh 1i 3.4.

3.3.3. Chitng minh két qua chinh

Dé thuan tién cho viéc trinh bay chitng minh chung t6i stt dung cac ki hiéu

sau

B, | = wi(B,)

By, " = wi(si(t)B,)
B, g/\q = W(BV)HM

bir = biB,

byw = bp,

Dsyw = bs(t)By

|SB7‘<,1u+)\q = W(S(t)Bv)HAq
bi,%wi — bi,Bv,wz‘

bisy = bisi(1)B,

Disvon = Dis,(0)Byon

L8 = LA(Q))

By = By (@)

CMOY = CMO%™ (QY).

Chitng minh Dinh Iy 3.4. Gid st rang Cy va Dy hitu han. Dat b= (b1, by) €
CBMOR(QY) x CBMOP(Q)), f(z) = [Ti_ [fi(sk(t)z)], ap dung bat
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dang thitc Minkowski ta c6

1 - %
1= (rm—/‘ s @) w(a >d:c>

s(Z /) <|BW|130+AQ / (f(@ﬂ () — bk<sk<t>x>|) w(x)dx> (1)t
(3.23)

Lay bat ky x;, y;, zi,t; € C véii = 1,2. Ta c6 bat dfing thiic co ban sau.

[T =yl <] 1=zl + ] ] 1w — 1) |+H| ti)] =+

+ ([(z1 = 21) (22 — 62)]) + (|($2—Z2)(21—t1)\)
+ ([(z1 = 20)(y2 — 8)]) + ([(z2 — 22) (1 — 21)])
+ ([(z1 = t1) (2 — t2)]) + (22 — t2) (31 — t1)]) -
Dé thuan tien ta ki hieu béi b;,,, = fB,y ERIL bi(z)w(x)dw véii =1,2. Ap

dung bat dang thic trén véi x; = b;(z),y; = bi(si(t)x), z; = by, t; = big,
va st dung bat dang thic Minkowski, ta thu duge

I <L+ LA+13+ 1+ I; + I,

vOl
1

. / (W / (f(x).f[lybk(x)—bwko w(x)dm) o

(z) "

Y|

R
= / (|B - / (m»nrbw bmk\) w(x)dx) (t)dt,
(Z;)n YW B'y k=1
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va

Chonq<31<oovaq<82<oosaochoi:pil+qilva—:pi2+i.
Cha y ring + + o = +. Ap dung bat ding thitc Holder ta c6

1
2

1 o " 1
I < / H <‘B7 }u:Aqué/|fk(Sk(t)x)| wk:(x)d37> H <|B

(Z;)n k=1 k=1 7|wk¢

1

< [ 1) = b wk<x>daz> oy

1

2 2 qf
d+ag) Ak & 1 k
< / IT skt ‘BWD'@HQSBP“W / | fr(y)] wk(y)dy>
k22 |wk

k=1 k=1

()"

SknB'y
1

X H (Bika/ bk (2) = br | Wk(l')d@) pk¢(t)dt

k=1
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A

< [ TTlss@ 18,1 HkaH mHkuHCBMOpm t)dt

()

2 2 2

-1115, HukaCBMopkHkau woo [ Tls@l ooy
k=1 k=1

n k=1
(Z5)

Tuong tu danh gia cua I, ta co

1

pe [ H(\Bv v / rfk<sk<t>x>\%k<x>dx> .

1

: 1 Pk o
11 (Bw%/bk(sk(t)fﬂ)bk,m,wk wk(x)da:> W(t)dt

X

k=1

1

2 qk
d-+,) A 1
< | Illsel 1B wkH<|SB|Wk / rfk<y>m<y>dy>
k2~ |w

(Z;)n k=1 k=1 s B
1

2 Pk
1
X | I / ‘bk(y) T bk‘,s%wk’pk wk‘(x)dx 77D(t)dt
k=1 |SkB’Y’Wk

~

]

2

11 mHnkaCBMopkankanm / L@l oo

k=1 nkl

Bay gio ta sé danh gia I, 4p dung bat dfing thitc Holder ta dugc

1
q

= [ (e ) o)

(z5)"
2
X H |bk,%wk o bk’ask%wk| w(t)dt
k=1

1

2

< / H<\37 }u?ksk/’fk se(t)z)[™ wk(f)dCU) Skx

(%) ”
2
X H |bk:,'y,wk _ bk‘,s%wk| @D(t)dt
k=1
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1

2 T 2 | . %
< / H|Sk()\( B wkH(, B[ / [ fx(y)] wk(y)dy>

n k=1
(z5)

2
X H |b]€,’)/,LUk o bk78k’77wk| w(t)dt
k=1

SkB'y

2

2
<TDBL T [ LTI Tt — bl t0)
=1

n k=1 k=1

- K
(23)
Theo gia thict ctia dinh i, ta c6 ¢ € Z; hau khap noi nén ton tai mot so

nguyén 7' sao cho [s(t)], = p". Ap dung B6 dé 2.1 v6i A = 0 ta duodc

‘bk,%wk - bk,sv,wk| — |bk,%wk - bk,’yﬂ’,w’

< pd+ak |'V/|-”bk||CBMOZf,§

= pd+ak ‘lng ‘Sk(t”p‘ -ku”CBMOZ’;-

Do vay ta thu ducc

2 2 2 2
o< T T8 L TT b hesyions T
k=1 k=1 g
< TTseCOlE fog, su(e)l| (0
Z*

k=1

2
< phite H B[ H ku”C’BMOf]Z H ka”Bng»Ak X
k=1
<o H\s (17 log, [ (1) (1)

Bay gio ta uéc lugng 14, ta chon 1 < s < oo thdéa méan é = pi + =. Dat

— ‘ - bJ’Y bj,smwj” :
Theo bat dang thic Minkowski va bat déng thiic Holder suy ra rang
1

L<C / > ( o | (l_f_d_\fk<sk<t>x>\@,j<x>) w(w)daz) oL

275] =1
n 1,7=1,2
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< / yb,-(x)—bmm(x)dx> }bm—bj,swj\>dt.
B'Y

Két hop véi danh gia ctia I; va I3, ta suy ra rang

2 2 2
L < CLLIB L fell gy T8kl lemarons / TT s (t)] s
k=1 k=1
(2

E)n k=1

X ( Z pd+aj ‘logp "Sj(t)’p| >¢(t)dt

i7#]
1,7=1,2

2
S CkH‘BWIj\)ZkaHBgZ/\k]I[kuHCBMOfJZ / H|Sk’(t)’éd+ak))\k><

k=1

X (Zp‘”ak log, ]sk(t)\p]> W(t)dt.

k=1

Lap luan tuong tu cac danh gia cua I, Iy, I3, I, ta ¢

c/ z( HAq/(Hmsk o) [bi() = bis |

n i#]
1,7=1,2
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() Ha i N
Di E 1 by "
) = bl ) [ I (002) = by | )i
B’Y T B’Y
X p(t)dt
2 2

< CH |Bv|22||fk”33’,i“k / H |55 (%) |(d+ak ( Z I ”cBMopl

k=1 (Z*)n k=1 z,;f{g

X ||bj||CBMOZJj'.> w(t)dt

2 9 )
= CH|BV‘°)‘\’2H]€]€”B¢%’Z’A’“HkuHOBMof,’Z / H’ |(d+ak Akw( )
f=1 k=1

n k=1
(Z)
Tuong tu ta cing c6 danh gia cia Ig nhu sau

- (@}Aq /( ) S 1, — bons, )by (s (1))~

(@) CR

1

q

bj,sj (t)B’y,Wj) ’) w(:z:)dw) ¢(t)dt

“fy 3 (e

7]
1,7=1,2

| Fi(sk(8)2) [ 1(bin = bisy)] X

]~

1

Q= ?

|(b;(s;(t)x) — bj,sw,wj)|> w(iﬁ‘)dw> Pp(t)dt

1

<C / ﬁ <‘B7 ;:AR%B[ | fe(si(®)2)[™ wk(x)d55> ) X

(Z;)n Z;#{ k=1

2
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k=1 k=1 k=1

X ( Z pd+az' lng|Si(t)|p’ >¢(t)dt
i,;i{Q
2 9 )

= CTLIBL il g T Welcmmors [ TT (o=
=l k=1 (Zp) k=1

X (Zp‘”o"" ‘logp [s5(8)],| >¢(t)dt.

Két hop cac danh gia cua Iy, I, I5, 14, I5 va I ta dudc

1

I'= (\B”w/ ‘Upnb (f1, f2)( m)‘qw(x>d$>a

2 2

SHIBVBZkaHng,AkHukaCBMOg,z/ nHISk (1) o
"ok=1 (z5)"

k=1
2 2
(3 + C + p*ite H log, |sk(t)],| + 20(21)‘”0"“ log, |s(t)],] ))@D(t)dt.

k=1 k=1

Vay phan dau ctia Dinh li 3.4 dugc chiing minh.

Ngugce lai, gid st rang Ui:?’g bi chan tir Bf}l”\l(@g) X Bf;’AQ(Qg) VA0
BIMNQY). Lay by(z) = by(z) = log, |z, thi by, b, € BMO,,(Q%) (xem [34]-
Bo dé 6.1). Béi vi BMO,,(Q}) € CBMOZ(Q) véi bat ky 1 < ¢ < oo, ta
thu duge b, € CBMO? (QY). Dat fi(x) = 2|l do B6 dé 1.5 suy ra
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fi(z) thuoc qu’kk(@g), folz) = |z|ld+* € BEA(QY). Ta c6

2

/( H se(8)z] @0 T (log, 2], — log, |si(t)z,) ¥(t)de

k=1

f[l ] (ren / H sy (8] H (logp m> b(b)dt
/ ) H s (t) [ f[ (10gp m> Wb(t)dt.

k=1

Do do
||Upnb(f17f2)H % Ak Q)

| 1
O —_—
®r s (O],

= B 1+Aq/’f0 /H’S |(d+ak H
e g

n k=1 k=1
X (t)dt
2

= Il f H\s e T [1og, lsu(0),| (o)

k=1

Vay D, hitu han.

Nhan xét 3.6. Vi |z|, > 1 tuong duong véi |x|, > p nén néu |s(t)], > 1
hau khip noi t € (Z*)" hoac |s(t)|, < 1 hau khdp noi t € (Z*)" thi ta c6
ngay dieu kién can va di dé giao hoan tit UJ'Z"" bi chan d6 la Dy, hitu han,
con ddi véi trudng hgp xét trén truong s6 thyc, néu [s(t)| > ¢ > 1 v6i moi

€ ([0;1])™ hodc |s(t)| < ¢ < 1 v6i moi t € ([0;1])" thi diéu kién can va
du deé giao hoan t@ U ”}n bi chan d6 1a D,, hitu han. Nhu vy qua phan tich
trén ta thiy két qua trén truong p-adic c6 mé rong hon két qué trén truong
thue.

Két luan ctia chuong 3

Trong chuong nay, ching toi dua ra dude cac két qua sau:
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e Ching t6i tim dudc chuan clia toan tit da tuyén tinh p-adic Hardy-
Cesaro c6 trong trén tich cac khong gian p-adic Lebesgue c6 trong, tich
cac khong gian p-adic Morrey c6 trong L% (QY) va tich cac khong gian
p-adic tam Morrey c6 trong B%* (Qg).

e Ching toi dua ra dudc mot dieu kién can va mot dieu kien du doéi véi
16p ham trong ¢ (t) dé giao hodn ti clia toan tit da tuyén tinh p-adic
Hardy-Cesaro c6 trong la bi chén trén tich cac khong gian p-adic tam
Morrey c6 trong Bg’A (QZ) v6i bieu trung trong khong gian p-adic tam
BMO c¢6 trong.
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Chuong 4

TOAN TU DA TUYEN TINH HARDY-CESARO VA GIAO
HOAN TU TREN TIiCH CAC KHONG GIAN LOAI HERZ

Trong chuong nay ching to6i nghién cttu toan ti da tuyén tinh Hardy-Cesaro
trén tich cac khong gian Herz va tich cac khong gian Morrey-Herz. Dau tién
ching toi dat van dé nghién cttu bai toan. Tiép theo st dung phuong phéap
cia Xiao [58] vd da duge van dung trong nhiéu cong trinh khac nhau nhu
(19, 22, 26, 35], cac ki thuat tit gidi tich da tuyén tinh (chang han xem
[31]), ching t6i thu duge toan ti da tuyén tinh Hardy-Cesaro bi chin trén
tich cac khong gian Herz va tich cic khong gian Morrey-Herz. Cubi cing dé
nghién cttu tinh bi chédn cua giao hoan tit, ching t6i dya vao phuong phap
ctia Coifman-Rochberg-Weiss [14], phuong phap danh gia trong giai tich da
tuyén tinh va luge do nghién cttu da duge hinh thanh trong [26, 29] va dic
biét trong [35], chiing t6i chiing minh giao hoan ti ctia toan tit nay bi chin
tit tich cac khong gian tam Morrey vao khong gian tam Morrey v6i biéu
trung trong khong gian Lipschitz.

Noi dung cua chuong nay dya trén bai bao 3. trong danh muc cong trinh
da cong bo.

4.1. Dit van deé

Nhu da chi ra ¢ phan Loi néi dau va trong phan dau chuong 3, dong luc cho
nghién citu cac toan tit da tuyén tinh xuat hién mot cach tu nhién ti cac
nghién citu vé toan tit tich phan ki di. Kenig va Stein [37] chi ra dugc tinh
lién tuc clia toan ti da tuyén tinh Riesz tuong tng khi 1 < py, py < 00 va
%:pil—i—piz—gchivéihanché() < B < dvar < oo. Mat khac, trong
mot truong hop dac biét thi cac toan ti da tuyén tinh trung binh véi trong
Hardy sai khac v6i dang mot phia toan t1t Riesz, mot ham trong luy thia.
Vi vay nhimg két qué ve Uy ;" sé kéo theo céc két qua tuong tng cho toan
tit Riemann-Liouville. Diéu nay ciing da duge chi ra trong cac cong trinh
29, 35].

Phai den rat gan day, bai toan nghién cttu tinh chuan ctua cac toan tu

67



Hardy da tuyén tinh méi c6 10i giai cho truong hop toan tit trung binh trén
hinh cau theo nghia ciia Faris, b6i nhom tac gia Fu, Grafakos, Lu va Zhao
26]. Nam 2014, nhém téac gia Fu, Gong, Lu, Yuan [29, 32| dua ra cong thiic
tim chuan clia toan tu

H(f)(w) = / (ﬁ fz(tzx)> w(t)dt, x € R",

0<ty, - tm<l1 =1

tu tich cac khong gian Lebesgue va khong gian Lebesgue va tich cac khong
gian tam Morrey vao khong gian tam Morrey. Mot diéu kién can va mot diéu
kien du vé tinh bi chiin clia giao hoan t1t (ctia H") trén tich cac khong gian
Lebesgue, tich cac khong gian tam Morrey, Morrey-Herz duge dua ra trong
29, 32]. Trong d6 két qua ctia Gong, Fu va Ma [32] c¢6 thé phat biéu nhu

sau: voi o, aq,...,0, € R, 1 < p,piq,q < 00,00 = +---—|—ozm,$ =
l « o e l l — l .« o o l y — N m : < N\ z s
PP R E Rl +1?m72 1,...,mth1 H™ bi chan tu tich cac
khong gian Herz thuan nhat K/ X --- X K™P™ vao khong gian Herz
KP néu

C = / (H ti(aﬁ%i)) w(t)dt < co.
1=1

0<ty,....,tm<1
Ngugc lai, néu oy = ay = -+ = a,, = (2)a,q; = mq,p; = mp,i =
- Ly 1 2 m m y 4 d, Di X D,
1,...,m va H' bi chan tit tich cic khong gian Herz thuan nhat KJ1Pt x

cee X Kg‘ﬂj“pm vao khong gian Herz Kg"p thi C < oo va chuan clia toan ti
chinh 1& C. Cac tac gia ciing thu dugc mot két qui tuong tu cho toan
ti nay trén tich cac khong gian Morrey-Herz, phat bieu nhu sau: cho
a,0q,...,0, € RRAN > 01 < pp,q,q¢g <oco,t =1,.... ma =
041_|_..._|_Oém7% — %1_|_..._|_$m7l — 1171_|_..._|_1_1)m7)\:)\1_|_..._|_)\m’

p

E= / (H ti(ai%i&)) w(t)dt < oo

0<t1,...,tm<1 Z:1

neu

thi H bi chan tir tich cac khong gian Morrey-Herz thuan nhat M Ko

p1,91

e X M KS‘TZ’Q)T‘: vao khong gian Morrey-Herz M ng;;‘. Tuy nhién trong
truong hop nguoc lai, cdc tac gid doi hoi gid thiét kha manh dé 1a véi

1 1 :
A = " = Q= QA = s = A, = A= Mg, pg = mp, i =
1,...,m, va néu H” bi chin tit tich cac khong gian Morrey-Herz thuan

A a1\ L. TOmAm < ~ : ~ )\ N
nhat M K- X X M K,m"m vao khong gian Morrey-Herz M K] thi

£ < oo va chuan trong truong hop dic biét nay chinh bang €. Trong
chuong nay, ching toi sé cai tién két qua nay vd hon nita ching toéi xem
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xét ca truong hop 0 < p < 1. Diem khéc biét nam & chd cach tiép can cla
chiing t6i cho trudng hop nay sé thay thé phuong phap st dung bat dang
thiic Minkowski bing mot danh gia dic trung cho cdc ham trong khong
gian Morrey-Herz.

Bén canh d6, nam 2011, Tang va dong sy [52] dua ra dugec mot dieu
kién can cho tinh bi chin trong khong gian Morrey-Herz nhu sau: véi ¢ :
[0,1] — [0,00) do duge, 0 < 8 < 1,b € Lips(R*,0 < ¢ < ¢ < 00),

d

1 -« ==
néu [ TN dt < oo thi UL bi chan tit MKpy 2 (RY) vao

0
MK;;]AQ (R%). Cau héi dit ra & day 1a cdi tién diéu kién can, lieu ta c6 the

1
thay [ t_(a+’3+%2_A)¢(t)dt < 00 bang mot diéu kién tot hon khong? Trong
0

chuong nay ching toi sé cai tién két qua nay va dua ra phan vi du dé so
sanh voi két qua da biét ctia Tang cing dong su cong bo trong [52].

4.2. Tinh bi chin cta toan ti da tuyén tinh Hardy-Cesaro trén tich cac

khong gian Herz va Morrey-Herz.

Toan tit da tuyén tinh Hardy-Cesaro c6 trong dudc xac dinh nhu sau: Cho
m,n € Ny¢ : [0,1]" = [0,00), S1,---,8m : [0,1]" — R 1a cac ham do
duge. Toan tit da tuyen tinh Hardy-Cesaro c6 trong U,';', duge dinh nghia

bdi
Usi (JF) (z) = / (H Jr (Sk(t)x)> w(t)dt, (4.1)

[0,1]"

Vélf: (fly---afm)a §’: (317---7Sm)-
Nhan xét 4.1. i) Khi s;(t) = ¢, va m = n, U’y tré thanh H}}' dugc gidi
thiéu bdi Fu va céc cong su trong [29].

ii) Neum =n,d=1vaa € (0,m), chon

1
vt = D) |(1—t1,...,1—t,)™°

—\

thi U (F) (@) = a7 (F) (@) véi & > 0, trong do

m [ F _ 1 i=1
I" (f)(x)—@ / |(1_t17m71_tm)|m_adt1...dtm.
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Luu ¥ réng, I™ c¢6 thé coi nhu 1a trudng hgp clia toan ti da tuyén tinh
Riesz mot phia ciia toan tt thé vi Riesz da tuyén tinh J" dugc nghién ciiu
bdi Kenig va Stein [37],

klf[l Su(tr)

T —1ty,...,x—t,)|"

T (@) = / . d o dt

tl,,tmeR

Trong muc nay ching t6i phat biéu va chting minh cac két qua vé tinh bi
chan va chuan ciia toan t da tuyén tinh Hardy-Cesaro trén tich cac khong

gian Herz va tich cac khong gian Morrey-Herz.
4.2.1. Mot s6 khai niém va bo dé

Ching toi nhac lai dinh nghia ctia 16p ham trong thuan nhat giéi thieu bdi
Chuong va Hung trong [11].

Dinh nghia 4.1. Cho v 1a mot so6 thuc bat ky. Dat W, 1a tap tat ca céc
ham w xac dinh trén R? do dugc, théa man w(x) > 0 hau khip noi véi

r € R0 < [wy)do(y) < oo va thuan nhat tuyet déi bac +y, nghia la
Sa

w(tz) = |t|"w(z), véi moi t € R\ {0}, x € R%.
Chua y rang W = U W, chia tat ca cdc ham trong luy thia w(x) = |x|”.
¥

Dé cho thuan tién chung toi dua ra vai ki hiéu chung cho ca muc nay.

Cho B > 0,7v,a,aq, . ..,q, l1a cac so thuc, v, ...,7%m > —d, 0 < p <

0,1 <g<oo,l1<p,gg<ooviiit=1...mvaMA,....\, >0
thda man

ap + Qg+ Gy = Q

1 1 1 1

P11 D2 Pm p

1 1 1 1

Q1 42 Qm q

N D O D

1 d2 dm q

)\1—|—)\2—|—' —i_)\m:)\

Sy={r eR: |z| =1}
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d
2

2T

Sd — .
'(5)
Cac ham w; thuoc vao 16p W,, v6i moi ¢ = 1,...,m, dat
moq
w(x) = Hw{” (x). (4.2)
i=1

V6i cach dinh nghia ciia w nhu trén ta thay w € W,
Sau day 1a cadc bo dé can thiét dé ching minh cac két qua chinh cla
chuong nay.

Bo6 dé 4.1. Cho p > 1 va (fi)e>1 la cdc ham khong am va do dugc trén
0, 1]™. Khi dé ta c6

> ([, now) < | [ (ff fﬁ(ﬂ) "

0,1n T

Chtng minh ctia B dé 4.1 suy ra truc tiép tit dac trung ctia chuan cia
khong gian /7.

Bo de 4.2. Néu f € MK w) th || fXellgw < 2 fllapion -
Chitng minh ctia Bo dé 4.2 suy truc tiép tit Dinh nghia 1.2.
4.2.2. Céc két qua chinh

Cac két qua chinh ctia phan nay dudc phat bieu béi Dinh 1i 4.1, Dinh 11 4.2
nhu sau

Dinh 1i 4.1. (i) Cho s(t), ..., Sw(t) # 0 hau khap noi trong [0, 1]™ va

A = / (Hisi(t)y—%-di—?“i> D(t)dt < 0. (4.3)

[0,1]"

Gid st rang 1 < p < 00 hodc 0 < p < 1 va it nhat mot trong so cdc
Ay ooy Ay duong tha

—

HUW,LL%n(f)HMngqA(w)

IA

CO_Z,X . Al . H HfZHMKI?ZZ,;;;Z(Wz) <44)
=1



V01

(2|O"f_)‘k| + 1) neu 1 <p< o

T

C—’,X — < by m _
Wknl (2l 1) néu 0<p<1 va A>0.
\ pu—

2

(ii) Nguge lai, cho 0 < p <00, 0 < \; < oo wdii =1,...,m. Gid st
rang Ug”;p zdc dinh mot toan ti bi chan tu || Mngq/?z (wz) 080 MK&ZJ)\(W)
1=1
thi (4.8) ding va

m’_,n m > . - 1 .
||Uw,s H 1—[ K%q z( )—>MK37’Q/\(LU) - Al Da,)\7 (4 5)
(s}
T (oNipi _1)1/Ps oo\ 1/ u s(N—a; )M i
Do il;ll(Q 1) . (1_2 a(A )) q . 7}1;[1((] (Ai—a;)) . (w(Sd))l/q .
a,A (2xr—1)1/p .ﬁl(l—z_qi(Ai_ai))l/qi (g A —a))1/a ﬁl(wz'(sd))l/qi

Dinh 1i 4.2. (i) Néu 1 <p < o0, s1(t),...,8n(t) # 0 hau khdp noi trong

0, 1]™ va
/ (H T ) D(t)dt < oo (4.6)

[0,1]7

thi

::]3

1022 (Pl < Ao TT (244 1) - HHfHK%@% (4.7)

k=1

(ii) Gid st ring |si(ti, ..., t,)] > min{t!,.. 7} vdii=1,....m va
v bi chin tu I1 K2ow (w;) vao KOP(w) thi (4.6) diing va

1Ugs [ > Ay - Ea, (4.8)

1‘[ Ko (wi) = KgP (w)

b (mp)l/p (2(104 . 1>1/q.ﬁ( e )1/%. (w(Sd»l/q |
le/pz qo o) 2% — ] H (wi(Sd))l/%

1=1

Nhan xét 4.2. Khi o; = 0,7 = 1---m ta thu dugc tinh bi chin va chuan

clia toan ti da tuyén tinh Hardy-Cesaro trén tich cdc khong gian Lebesgue.
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Tuy nhién, cac két qud nay khong tot bang cac két qua da thu duge trong
[35]. Trong [35, Dinh 1i 3.1], cAc tac gid chi ra ridng chuan cia Upy tit
L2} x -+ x LPm vao LP chinh xac bang [ (1_[1 |s:(t ) ) Y(t )dt.

[0,1]"

Nhan xét 4.3. Tu két qua ctia Dinh 1i 4.2 ching ta suy ra, trong trudng hop
tn tai hing s6 duong § sao cho |s;(t1, ..., t,)| > min{t], ...t} véii =
L,...,m (luu y truong hop toan tit Hj' thi dieu kién nay tu d()ng dugc thoa

mén) thi U 2" duge xac dinh nhu mot toan t& bi chan tir H MKS;@ (w;)

=1

vao M Kgfq”\( w) thi diéu kién can va du la A, hitu han. He qua nay chia
hai két qué 1a Dinh 1i 5 va Dinh 1i 6 cia Gong, Fu va Ma trong [32], hon
nita dé thu duge diéu kién can, cac tac gia phai gia thiét o = -+ = ayy,
P =" =Pn VA = -+ = (¢, tuy nhién két qui clia chiung to6i khong
can c6 gia thiét d6. Tuong tu nhu vay cho két qué ctia Morrey-Herz, cac két
qua cla ching to6i thu duge trong Dinh 1i 4.1 1a thuc sy lam manh cac két
qua truéc do6 cua Gong, Fu va Ma.

Nhan xét 4.4. Dinh 1i 4.1 xem xét cd truong hop khi 0 < p < 1, ¥ tuéng
tiép can truong hop nay dudc chiung toi tham khdo tit cong trinh cua J.
Kuang [44], trong d6 tac gid danh gid chuan cia toan ti Vi, trong khong
gian Herz. Chinh vi vay két qué clia ching t6i 13 md rong hon va manh hon
véi két qua tuong ting thu duge trong [32] va 1a md rong cho truong hop da
tuyén tinh ctia cac cong trinh [12, 20, 32, 44, 48|.

4.2.3. Ching minh két qua chinh

Ching minh ctia Dinh li 4.1. Gia st rang s1(t),...,Sn(t) # 0 hau khap
noi trong t € [0, 1]” sao cho (4.3) dang. C6 dinh 86 k € Z va xét cac ham
fi € MK (w;) véii = 1,...,m. Ap dung bit déng thitc Hélder, bat
déng thitc Minkowski, ta c6

Uz (F)xell g

/[01] (/Ck | fi(s:(t) )]
/[01] (‘/Si(t)Ck | fi(z)

1

IA

1/qi
wi(aj)dx> Y(t)dt.

q;

IA

e P fee P

1/q;
s:(1)]| 7w (x )d:v> WY(t)dt
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1/q;

/(H\s )ﬁ [ @@ | v

[0,1]™ =1 Si(t)Ci

V6i mdi t sao cho |s1(t) -« - 8,,(t)| > 0 ton tai cac s6 nguyén 4, ..., £, sao
1 d+;

cho 261 < |s;(t)] < 2% v6ii =1,...,m. Dat Ys(t) = (H |si(t)| ) ¥(t)
i=1

ta thu dudc

1035 ()Xl

< (1| [ iaer

=1
0,1 * Crtt;,-1UCk 44,

< / H (Hfixk—f—gi_l
[ 1

1/q;

(x)dx Y:(t)dt

3

QisWi + HfiXk:—Mi qi,wi) wg(t)dt

.

Do do,

H(]Wf7 ( Xquw = / H HfianLﬁi—l Qi7wi+ ||fiXk+£i qz,wz)¢§(t)dt (49>

o, =t
Ta co
ko 1/p
UGz (Pl arieed ) =21£2’W<Z okor | )X,fug,w> . (4.10)
0 k=—o0

Bay gio ta xét hai trudng hop sau:

Trusng hop 1: Gid st rang 1 < p < oo, dé danh gia chuan cta Umgn(f)
trén khong gian MK (w), ap dung Bo dé 4.1, bat déng thiic Holder va
(4.4) ta co:

1/p
(Z 28| U7 (Xl )

k=—0o0
b

1/p
Qiawi) ’gbg(t)dt )

giwor T W fiXute,

(& o [ o

01 =1

ko m 1/p
< / (Z 2kaﬁH(Hf¢Xk+@—1 g T | fiXnre qi,wi)p> Vs(t)dt

[0,1]?7, k=—o0 =1
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1/pi
@ wz)m) Vs(t)dt

= / H ( Z 25 (|| fixnr b1l guaos + 1 fiXese
1=1 \k=—00
[0,1]™
- b
< / H{ (Z 2/{:azpz ka-l-ﬂ 4 qzwz> (Z Qkazpl ka-l-g qzwl> }
0.1] 1=1 k=—o00 k=—o0

X g(t)dl

Do do, ta c6

ko 1/p
sup 270 < > 2R UE )l )

koEZ k—— 00
1/p;
m ( ko
—koX; ka;p; ka;p;
<sup [ T2 (zzw o ) +<Z2“’><
kOeZ[O 1y =1 \ \k=—00 k=—o0

||ka+£

1/pi §
0. Wz) ﬂﬂg(t)dt

Vs

< HHf’LHMKgZz / H 2 (€i=1)(ei— —|—2 Cioi— A))w (t)dt
1=1

0,17 *
i Y. il _a,_d—i-%‘ ,
< H (2’% . + 1) H HfiHMK?g,Qi(wi) / (H |Sz(t)| Lo +)\Z> ¢<t)dt
=1 i=1 o Ni=l
Suy ra

HUgén(f)HMKq(w) Cax- A HHfHMK% (W)

Vay U,y bi chan tit H MK;;?QZ (w;) vao Mng’qA(w) va chuan ciia né 16n
hon Cj ./41

Truong hop 2: Gid stirang 0 < p < 1 vd Aq, ..., A\, 1& cac s6 thuyc khéc
0. T (4.10) va Bo deé 4.2, ta c6

ko 1/p
( > 2% Un}n(f)xkﬂﬁ,w)

k=—o00

D=

p

i Wi + Hfixlﬁ%‘ Qi7wi) ¢§(t)dt

ko m
< Z PR / H (] fixese-1
0.1]" 1=1

k=—o00
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ko m
<(> ( [ TL (g 200
1

k=—00 1=

[0,1]"
p
X ¢§(t)dt> >
Do do
1/p
sup 27 ( Z 2k || U () x| )
ko€EZ k——00

m

S H <2|ai_/\i| —|— 1) (H ”fZHMK;;l,’;;Z(wl)> /
i=1 i=1 01
1/p
xsup(Z 2(k=ho)A ) .

St)dt | x

i
?

ko€Z

Vi A > 0 nén

Vay
WU () laricg iy < Cas - Ar (qufiwlMK;;W)-

Pisqq

Ngugc lai, gid sit U, ;" xac dinh nhw 1a toan ti bi chan tit ] M K@i i(wy)
i—1
VA0 MK;;;‘(QJ), nghia 1a,

127 Pz < WS B s ooz ryifuMK% »

(4.11)
V6imoitr=1,...,m, dat
dtvi |y
filw) = Ja T (4.12)
Theo Vi du 1.6, Chuong 1, ta c6
/qi
DA 1 — 2—%(}\1'—0@) /g
ilasigzzs oo = a1y ( 4 — ) ) (s )
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Mat khac
U2 (f) ) = o

Vi vay, ta co

CH"Yi

W (t)dt.

d+vy

foap s

/q
mmn/ o 2/\ 1 — 2—q()\—a
105 (D [asiegpi) = A1 (2% — 1)i/r ( ) (w(Sa)"

g(A — a)
(4.14)
Két hop (4.11), (4.13) va (4.14), ta thu duge (4.5). Vay Dinh i 4.1 dugc
chiing minh. ]

Chitng minh cia dinh i 4.2. Vi khong gian Morrey-Herz M K “*w) trd thanh
khong gian Herz K7 (w) khi A = 0, do d6 phan (i) ciia Dinh 1i 4.2 1a truong
hop dac biet ctia phan (i) ctia Dinh 1i 4. 1 Dé chiing minh phan ii) ctia Dinh

li 4.2, gid sit rang Uy} 1a bi chan ti H KO‘Z Pi(w;) vao Ko‘p( ). C6 dinh

0<e< 1,v61z':1,...,m, dat
0, néu |x| <1,
f(:l?) — At .
Z i W -, néu |z| > 1.

Theo Vi du 1.5 ta ¢6 f; € K2 (w;) va

2(]i(0471+6) _

/@i
Al = i ) s
7 inz " (wj) (26]91' . 1)1/pi qz(az _|_€) 7 d .

Mat khac,

()t

v = e [T 0

véi E, 1a tap con cua [0, 1] sao cho |s;(t)x| > 1. Tt gid thiét |s;(ty, . . ., t,)| >
min{t,,...,t,}?, cho ta [1/|z|Y? 1] C E, v6i mbi |z| > 1. Dit kq 1a s6
nguyén nhé nhit sao cho 2077/% < € v6i méi k > ky. Ta ¢6

U2 (P,
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%) m b
> Z?M( [lafmara o [ sl 5 v
C =1

k=ko 2(1—1{)/5’1]71

p/q
X w(m)dm)

> . —kpme 2q(a+me) —1 g § . —ozi—df%—e
> 1) 2 ] | Sald H [5:(2)] W p(t)de

k=ko Q(Of +me e 1] * 1

Mat khac

/4
m m 1 2%‘(0%'4’6) —1 g
il i, v = . . ; S qi

Cho € — 0, do Dinh Iy hoi tu bi chin Lebesgue va cac danh gia trén cho
ta (4.8). Vay ta c6 diéu phai ching minh. O

4.3. Giao hoan ti¥ ctia toan tit da tuyén tinh Hardy-Cesaro

Giao hoan t1f ciia toan ti da tuyén tinh Hardy-Cesaro U$§, theo nghia cta
Coifmann-Rochberg-Weiss, duge xac dinh nhu sau.

m

%??(ﬂcw::/iOﬁhﬁﬁﬂ@>(fU%@W—%QAW@O¢@Mt
0 k=1

B h=l
(4.15)
Dya theo ¥ tudng ctia Tang, Xue, Zhou [52], chiing t6i sé xem xét cac bicu

trung thuoc 16p ham Lipschitz, xac dinh nhu sau.

Dinh nghia 4.2. Gia st rang 0 < § < 1. Khong gian Lipschitz Lip®(R")
la tap tat ca cac ham f : R" — C sao cho

f(z) = f(y
W llogp = sup LE IG5
z,y€R™ xy ’37 — y|

4.3.1. Cac két qua chinh

Trong phan nay t6i phat bieu cac két qua thu duge 1a Dinh 1§ 4.3 va hé qua
4.1 sau

Dinh 1i 4.3. Choa; > —d, 1 < g < g <00, 0<1r;, 1< p < o0,
0< B8, <1,0<f8<,0<\A\<1wstei=1,...m a=a;+ -+
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am>_d75:51++ﬁm;)\:)\1++>\m;l:pil+—i_]i; va

p
éz q%—l—-'-—i-q%—l-ﬁ—k'-'—l—é. Gid thiét ring b; € Lip’ va w; théa

man (4.2) véi i = 1,...,m. Cdc ham s,(t),...,S,(t) # 0 hau khdp noi
t € 10,1]" sao cho

e A%y
0,1 \i=1

thi giao hodn ti Ug}n’b zdc dinh nhu toan ti¢ bi chan tu Mf.(gl?;ﬁl (wy) X
X MK (w,,) vao MKSANw) khi 0 < p < 1 va A > 0 hodc khi
1 <p<oowvaA>0. Gid thiét rang

1 — si(t)

575) Y(t)dt < oo (4.17)

m

a’:a—i@—zd—l_%. (4.18)

i—1 i

Khim=n=1w =1, 5(t) =t thi UL = UL, ta thu dugc két qui

8

sau

Hé qua 4.1. Cho ¢ : [0;1] — [0;00) la ham do duge, 0 < B < 1,
be Lip(RY), 1< ¢ < q < o0. Néu

A= / (n2 ) (1 = 1) (t)dt < oo (4.19)

q2 q1

tha Ub bi chan tu ]\4[(0‘1A VA0 MKO‘Z’)‘ vii oy = s+ 0+ d (— — i)
Nhan xét 4.5. Trong [52], dé thu dugc tinh bi chin ciia Uf; tu MK;lq’l)‘ Vao

M Kfq’ , cac tac gia can diéu kién du déi véi ham v 1a

c— / (=2 (t)dt < oo,

Tuy nhién, véi 0 < ¢ < 1 thi A < C. That vay, chon 9 (t) = (1_t++5/2,

— A= ;il = 1 suy ra C = oo nhung A < 0o. Vay két qua chiung toi thu
duge t6t hon so véi két qua ctia Tang, Xue, Zhou [52].

4.3.2. Ching minh két qua chinh

Dé thuan tién cho viéc trinh bay chiing minh két qua, ching t6i dua ra cac
ky hiéu sau

m
B =TT 1ol
=1
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=<Hrl—s ) u().
- <)o

Néu f va g la cac biéu thic, ta viét f < g néu ton tai mot hiang s6 C
sao cho f < (g.

Ching minh cia dinh li 4.3. V6i bat ky z € C,, va b; € Lip”, ta c6

H bi(x) — bi(si(t)z)| < (H Hbi\lupﬁi> (H 15:(t) — 1|ﬁ> |t

(4.20)

<B- <H |s:(t) — 1|5Z'> . QRBrt et ), (4.21)
=1

Do do,

N0 )l

1
q

< / / (ﬁf ) (ﬁ(bi(@—bz-(si(t)x))) W(t)dt w(x)dx)
Cr '[0,1]" ) ) y
= / (/Hfz(sz(t)fﬂqnbz(ﬂ?) bi(Si(t)x)qw(x)dx) W(t)dt
01n \0p =1 i=1
S (ﬁ”@'”L@&) / (/ﬁ\fz(sz(t)x)]q (ﬁ]l _Si(t)|(15i> (ﬁmqﬁ)
» [0,1]*  *Ck
X w(a:)dx) W (t)dt

1/q
< 2 irsi) g ( [ 10 si<t>x>m<x>da:> ()t
0,1 \JCy ;

<ot R / H (/ fi(si(8)z)|" wi(x)daj> H (/w&x)da:) @Z(t)dt.
o1 =1 \G, i=
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Bat dang thic cudi cling c¢6 dude nhd ap dung bat dang thic Holder. Vi
w; € W%. néen

Y

/ w;(x)dx < 28, (4.22)
Ck

Do vay,

N0 )l

s20)p / 1| [ e TT(sor ) do
o117 * i(£)Cl, =1
1/q;
<2008 [I| [ i@l w@ds | B
01" T \0)Cx

Vi s;(t) # 0 hau khip noi t € [0, 1]", ta c6 thé chon duge s6 nguyén ¢; sao
cho 2671 < s;(t) < 25, Vay s;(t)x € Cryg,—1 U Chyy, v6i mdi x € Cp. i

vay

||Un?§’n’b(f)Xqu,w (4.23)

<208 [ TL 0o ) DO (420

Theo dinh nghia clia chuan ciia toan tit trong khong gian Morrey-Herz, ta

i W; + HfiXkH-fz’

cO

ko :
JU(f )||ngq,x(w) =Sup2’“°A<Z 20 | U f )Xk||qw> . (4.25)

Dé danh gia chuan clia toan t nay, ta chia thanh hai truong hop sau

Truong hop 1: Gid st riing 1 < p < oo v A > 0. Do Bo dé 4.1, ta co

1/p
(Z 25| U F |2 )
k=—00
S ( Qkpa / H(”fiXk:—i—fi—l
k=—0o0

o1 =1

1
p

qi,wi + Hszk—i—El

i) @(t)dt)p>
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1

s B / ( Z 2kp0¢ HfiXkJF@i—l giw; T Hlek‘Jrfz qz',wq;)p> @(t)dt

0,1]n k=—o00 1=1

l

1

ko m
< B ( Z 27431)04 H (HfiXk-l—ﬁi—l gi,wi + Hlek-l—Ez §i7wi) > w(t)dt
[0,1]™

l

Tu doé suy ra

ko m
HU”””’( )HMK&C < Bsup 27" ( > 2] (Hfz-xk%_l 2 T
e ko€Z k=—0o0 1=1
[0,1]™
(4.26)
1
e )) B(t)dt (4.27)
Ta co
H(ai,O + bip) = Z H 4,5, 5
=1 J1yee im=0,1 i=1

v6i tong duge 1y qua tat ca (ji,...,Jm) v6i mbi ji,...,j5m € {0,1}. Do

do, ta co
b
HUmn (f )HMKg’q’A(w)
ko
<map2 s [ (S (S [l
ko€Z 01 k=—00 J1,--sJm€q0,1} i=1

ko
stz [ % (30 o [T )

ko€EZ . )
0 [0,1]” JLyees ij{O,l}

< Bsup 2~ / > (Z 2’“p“ﬁ|\f Xtti—5i |1 wl> Y(t)dt

ko€EZ ) .
0€ [0’1]71, J1s--4) ]me{oal} k=—0o0

( Z 2tpic|| f P w)) Y(t)dt

Xk"i‘gz —Ji

< Bsup 2~ *o? Z <ﬁ

ko€Z .
" 0.1]n JLredm€{0,1} Ni=1
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< B / > (H sup 27 (kZ Qi qw>> b(t)dt

JiXnttig,
. . koc
[0,1]7 J1so Jm€{0,1} \i=1 0<

A

5 (T, T2 T2 oo

[071]77, jl ..... jme{o 1}

B/ Z (ﬁHfZ”MKg:q);l( )(ﬁ >_(t)dt

[071]n jl 7777 ]me{()?l}
: )

<8 (H \|fiuMK;;;qy(%)> D> (H (0
i=1 [0 1]n J1seens ij{O,l} 1=1

rg B (H HfZHMKS‘ZZ”q);'L(wZ)> ) E(t)dt
=1

[

24\

=N

(t)dt

[ (Lo

0,1 N7

Két hop véi gid thiét (4.17), ta thu duge [ (H |5 (2) | ) Y (t)dt hitu
[0,1]

han. Vay U,y ™0 i chin tit MK oM (wy)x-- 'XMK;JZZJAY)T (W) vao MK;"IQ’A(w).

P1,491

1=1

Trusng hop 2: Gid st rang 0 < p < 1 va XA > 0, do Bo dé 4.2 va nhan
xét 2671 < |s;(t)] < 2%, ta c6

Z | fixnre—illgws S ”fiHMK;;a;gi(wi) Z o(kt-ti=7) (Ni—av)

j=0,1 7=0,1
5 2/6()\1'—042') Sz(t) i

fi ”MKI?ZZ:(I/\; (Wz) .
K&t hop véi (4.20), ta co

mnb
WU it
ko m
SB:U%2k0A< > 2kpa< / H [ fixnrei—tllgw, + I fiXure, qq;,wz->
0€ k=—00 i=1

[0,1]™

p\ 1/p
o) )

< Bsup 2"‘“( ka< / H 2(k+£ “Di—ai) 4 okt az)> y
k=—o0 O 1=1

koEZ
1 n
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1/p

b
X HfiHMKS;Z',’q?(wi)E(t)dt) )

1=1

1

dtxsup(Z 9(k=ko)A )

1 (L ) (0

[0 1y "=

ko
Vi X >0, nénchudi > 2F %0 hoi tu va tdng clia né 1a hing khong phu

k=—o00

thuoc vao ky. Do do, ta co

W2 Dl BT, [ Ts0

0,1 =

D(t)dt.

Vay Dinh 1y 4.3 dugc chiing minh. [
Két luan cta chuong 4

Chung toi tim dugc mot dieu kién can va mot diéu kién du déi véi 16p ham
trong 1 (t) dé cho toadn tit da tuyén tinh Hardy-Cesaro c6 trong bi chin
trén tich cac khong gian Morrey-Herz thuan nhat c6 trong M Kgf;ﬁ(w) va
tich cdc khong gian Herz thuan nhat c6 trong K*?(w). Hon nita chiing toi
cling dua ra duge mot diéu kién can ddi v6i ¢(t) dé giao hoan tit ciia toan
ti da tuyén tinh Hardy-Cesaro c¢6 trong bi chin trén tich cac khong gian
Morrey-Herz thuan nhat cé trong M ngj(w) v6i biéu trung trong khong
gian Lipschitz Lip”(R?). Trusng hop dac biét ctia cac két qua thu duge,
khong chi 14 mé rong ma 1a 1am manh thuc sy cac két qua duge biét trude
do.
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KET LUAN VA KIEN NGHI

1. Cac két qua dat dudc

Trong luan an nay ching to6i da nghién cttu tinh bi chdn cua toan tu loai
Hardy va giao hoan tit clia n6 trén mot sé6 khong gian ham. Luan an da dat
dugce cac két qua sau:

e D6i véi toan tit p-adic Hardy-Cesaro c6 trong chiing to6i tim duge chuan
clia todn tit tren khong gian p-adic Morrey c6 trong LE*(QY), khong
gian p-adic tam Morrey c6 trong B%* (Qg) va khong gian p-adic tam
BMO c6 trong C MO (QY). Dong thoi ching toi ciing xac dinh duge
mot diéu kién can va mot dieu kien du d6i véi ham trong ¢ (t) deé giao
hoan tu f;i bi chan trén khong gian p-adic tam Morrey c6 trong véi
bieu trung trong khong gian p-adic tam BMO c6é trong.

e Do6i v6i toan tit da tuyén tinh p-adic Hardy-Cesaro cé trong chung toi
tim duge chuan ctia toan tit trén tich cac khong gian p-adic Lebesgue c6
trong, tich céc khong gian p-adic Morrey ¢6 trong L& (QF) va tich cac
khong gian p-adic tam Morrey c6 trong Bff‘ (Qg). Thém vao d6 ching
toi ciing dua ra dude mot diéu kién can va mot diéu kien du déi véi
16p ham trong () dé giao hodn ti clia toan tit da tuyén tinh p-adic
Hardy-Cesaro c6 trong la bi chén trén tich cac khong gian p-adic tam
Morrey c6 trong Bg’A (Qg) véi bieu trung trong khong gian p-adic tam
BMO c6 trong.

e V6i toan tit da tuyén tinh Hardy-Cesaro c6 trong ching toi tim dugc
mot dieéu kien can va mot diéu kien da doi véi 16p ham trong 1(t) dé
cho toan ti nay bi chan trén tich cac khong gian Morrey-Herz thuan
nhat c6 trong M K]‘J’f’q’\(w) va tich cac khong gian Herz thuan nhat c6
trong K7 (w). Hon nita ching toi ciing dua ra duge mot diéu kieén can
dbi v6i ¢ (t) dé giao hoan tit clia toan tit da tuyén tinh Hardy-Cesaro
c6 trong bi chan trén tich cac khong gian Morrey-Herz thuan nhat co6
trong M Kgf’f (w) véi biéu trung trong khong gian Lipschitz Lip”(R?).
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2. Kién nghi mot s6 van dé nghién citu tiép theo

Bén canh cac két qua da dat dugc trong luan an, mot s6 van dé md lién
quan can dudc tiép tuc nghién ciu:

e Nghién cttu chuan ciia toan ti da tuyén tinh Hardy-Cesaro c6 trong
trén tich cac khong gian Morrey-Herz thuan nhat c6 trong, khong thuan
nhat co6 trong, tich cac khong gian Herz thuan nhat c6 trong, khong
thuan nhat, khong thuan nhat cé trong va giao hoan ti clia né trén
tich cac khong gian Morrey-Herz thuan nhat c6 trong.

e Nghién cttu chuan clia toan ti da tuyén tinh p-adic Hardy-Cesaro cé
trong trén tich cac khong gian p-adic Morrey-Herz thuan nhat c6 trong,
khong thuan nhat cé trong, tich cac khong gian p-adic Herz thuan nhat
c6 trong, khong thuan nhat, khong thuan nhat cé trong va giao hoan
t clia n6 trén tich cac khong gian p-adic Morrey-Herz thuan nhat c6
trong.

e Truong hop giao hoan ti, viec xac dinh dicu kién can va du cho tinh
bi chan cta giao hoan tit trén cac khong gian loai Herz néi chung van
I bai toan mé. Cau héi dat ra 1a v6i 16p ham bicu trung nao, va véi
diéu kién can va di ndo thi cac giao hoan ti sé bi chin gita ciac khong
gian loai Herz?
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